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Research and Articles for Reference

The attached research and articles are a sampling of what was used to guide the development
of our curriculum, instructional model and District Texthook Review Committee work.

Mathematical Proficiency

-Adding it Up — National Research Council, 2001

Researchers identified five mathematical proficiencies to capture what they think it means to be
mathematically proficient: conceptual understanding, procedurally fluency, strategic competence,
adaptive reasoning, and productive disposition. “One of the most serious and persistent problems
facing school mathematics in the United State is the tendency to concentrate on one strand of
proficiency to the exclusion of the rest.” p. 11

What Is Important in Early Childhood Mathematics
-National Council of Teachers of Mathematics position, 2007
It is important to engage young children in meaningful mathematics in deep and sustained ways.

What's All this Talk About Rigor?
-National Council of Teachers of Mathematics President Linda M. Gojak, 2013
This article explains what rigor looks like in a mathematics classroom:.

Big Ideas and Understandings as a Foundation for Elementary and Middle School Mathematics -
-National Council of Supervisors of Mathematics Journal Spring Summer, 2005

Big fdeas in mathematics inform the development of the instructional model and coherence in the units
in grades 3 —5.

K-8 Publishers’ Criteria for the Common Core State Standards for Mathematics

~National Governors Association et al,, 2012

This article provides a set of criteria when reviewing resources to align with the Common Core State
Standards.

Common Core State Standards {CCSS) for Mathematics, 2010
CCSS were adopted by Connecticut in July of 2010.



Mlatiramaticzal Proficiemcy

Our analyses of the mathematics to be learned, our reading of the research
in cognitive psychology and mathematics education, our experience as learners
and teachers of mathematics, and our judgment as to the mathematical knowl-
edge, understanding, and skill people nced today have led us to adopt a
composite, comprehensive view of successful mathematics learning. Recog-
nizing that no term captures completely all aspects of expertise, competence,
knowledge, and facility in mathematics, we have chosen mathematical Drofi-
clency to capture what we think it means for anyone to learn mathematics
successfully. Mathematical proficiency, as we see it, has five strands:

©  concepial undersianding—comprehension of math-

Conceptual

ematical concepts, operations, and relations Understanding
®  procedural flwency—skill in carryi t procedures Chiategio Productive
. b “ f @}' killin ylng O?"l P Competence Disposition
flexibly, accurately, ctiiciently, and appropriately Adaptive Proceduras
. . Reascning Fl
©  Slrafegie compefence—ability to formulate, repre- e o )"'7'/ vency

sent, and solve mathematical problems

°  adaptive reasoning—capacity for logical thought,
reflection, explanation, and justification

©  productive disposition—habitual inclination to see
mathematics as sensible, useful, and worthwhile, coupled
with a belief in diligence and one’s own efficacy.

'T'he most important observation we make about these
five strands 1s that they are interwoven and interdependent. 2N
T'his observation has implications for how students acquire Intertwined Strands of Proficiency
mathematical proficiency, how teachers develop that profi-
ciency in their students, and how teachers are educated
to achieve that goal.

Tre Miatihemeatica Kpowylieodgge
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Children begin learning mathematics well before they enter elementary
school. Starting from infancy and coniinuing throughout the preschool period,
they develop a base of skills, concepts, and misconceptions. Atall ages, stu-
dents encounter quantitative situations outside of school from which they
learn a variety of things about number. 'Their experiences include, for
example, noticing that a sister received more candies, counting the stairs
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The
overriding
premise of

our work
is that
throughout
the grades
from pre-K
through 8
I students
can and
should be
thematically
proficient,

Berwvelopimg Proficiemoy fm
Teacihing Mathematics

Proficiency in teaching mathematics is related to effectiveness: consis-
tently helfing students learn worthwhile marhematical content. Italso entails
%rersatility: being able to work effectively with a wide variety of students mn
different environments and across a range of mathematical content. Despite
the common myth that teaching is little more than commeon sense of that
some people are just born teachers, effective teaching practice can be learned.
Just as mathemarical proficiency itself involves interwoven strands, teaching
for mathematical proficiency requires similarly interrelated components: con-
ceptual understanding of the core knowledge of mathematics, students, and
instructional practices needed for teaching; procedural fluency in carrying out
basic instructional TOULINeS; Styategic competence in planning effective instruc-
tion and solving problems that arise while teaching; adaprive reasoning in
justifying and explaining one’s practices and in reflecting on those practices;
and a productive disposition toward mathematics, teaching, learning, and the
improvement of practice. _

Effective programs of teacher preparation and professional development
help teachers understand the mathematics they teach, how their students
learn that mathematics, and how to facilitate that learning, In these pro-
grams, teachers are not given prescriptions for practice or readymade solu-
tions to teaching problems. Instead, they adapt what they are learning to
deal with problems that arise in their own teaching,

Recommendmtions

As a goal of instruction, mathematical proficiency provides a better way
to think about mathematics learning than narrower views that leave out key
featuses of what it means to'know and be able to do mathematics. It takes
time for proficiency to develop fully, but in every grade in school, students
can demonstrate mathematical proficiency in some form. The overriding
premise of our work is that throughout the grades from pre-K through 8
all students can and should be mathematically proficient.

School mathematics in the Unired States does not now enable most Stu-
dents to develop the strands of mathematical proficiency in a sound fashion.
Proficiency for all demands that fundamental changes be made concurrently
in curriculiim, instructional materials, assessments, classroom practice, teacher
preparation, and professional development. These changes will require con-
tinuing, coordinated action on the part of policy makers, reacher educators,




teachers, and parents. Although some readers may feel that substantial ad-
vances are already being made in reforming mathematics teaching and learn-
ing, we find real progress toward mathematical proficiency to be woefully
inadequate. '

These observations lead us to five principal recommendations regarding
mathematical proficiency that reflect our vision for school mathematics. The
full report augments these five with specific recommendations that detail
policies and practices needed if all children are to become mathematically
proficient.

s The integrated and balanced development of all five strands of
mathematical proficiency {(conceptual understanding, procedural flu-
ency, strategic competence, adaptive reasoning, and productive dispo-
sition) should guide the teaching and learning of school mathematics.
Instruction should not be based on extreme positions thaf students learn,
on one hand, solely by internalizing what a teacher or book says or, on
the othier hand, solely by inventing mathematics on their owmn.

One of the most serious and persistent problems facing school math-
ematics it the United States is the tendeney to concentrate on one strand of
proficiency to the exclusion of the rest. Fortoo long, students have been the
victims of crosscurrents in mathematics instruction, as advocates of one learn-
ing goal or another have attempted to control the mathematics to be taught
and tested. "We believe that this narrow and unstable treatment of math-
ematics is, im part, responsible for the inadequate performance that U.S.
students display en national and international assessments. Our first recom-
mendation is that these crosscurrents be resofved into an integrated, balanced
treatment of all strands of mathematical proficiency at every point in teach-
ing and learning, .

Although we endorse no single approach, we contend that instruction
needs to configure the relations among teachers, students, and mathematics
in ways that promiote the development of mathematical proficiency. Under
this view, significant instruetional time is devoted to developing concepts
and methods, and carefully directed practice, with feedback, 1s used to support
learning. Discussions build on students’ thinking. They attend to relation-
ships between problems and solutions and to the nature of justification and
mathematical argument. All strands of proficiency can grow 1n a coordinated,
interactive fashion.
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What Is Important in Farly Childhood Mathematics?
A Position of the National Council of Teachers of Mathematics

Question
‘Why is mathematics important for early childhood leamers?

NCTM Position

The National Council of Teachers of Mathematics affirms that a high-quality,
challenging, and accessible mathematics education provides early childhood learners with
a vital foundation for future understanding of mathematics. Young children in every
setting should experience effective, research-based curricula and teaching practices. Such
practices in turn require policies, organizational support, and resources that enable
teachers to do this challenging and important work.

Increasing numbers of young children are in settings where they can encounter
mathematics in experiences that build on one another, expanding early understanding
sequentially, in developmentally appropriate ways. Research on children’s learning in the
first six years of life validates the importance of early experiences in mathematics for
lasting positive outcomes. A growing body of research also supports curricular resources
for early mathematics, Teacher preparation programs, education agencies, policymakers,
and other partners must commit resources and mobilize to support teachers and
collaborate in developing effective early childhood mathematics programs.

In a high-quality mathematics program for early childhood leamers, teachers and
caregivers can enhance children’s natural interest in mathematics and their instinct to use
it to organize and make sense of their world. Mathematical experiences for young
children should take advantage of familiar contexts, building on relationships within
families, linguistic and cultural backgrounds, and the informal knowledge of early
learners. Mathematics curricula and teaching practices should rest on a solid
understanding of both mathematics and the development of young children.

Teaching practices should strengthen young children’s problem-solving and reasoning
abilities in experiences that are both informal and involve more formal, prepared
materials. Teachers should connect ideas within mathematics as well as with other
subjects, and they should encourage children to communicate, explaining their thinking
as they interact with important mathematics in deep and sustained ways. Finally, early
childhood educators should actively introduce mathematical concepts, methods, and
language through a range of appropriate experiences and teaching strategies. These
should be monitored by observation and other informal evaluations to ensure that
instructional decisions are based on each child’s mathematical needs.

Teacher education programs should give attention to the mathematics component of early
childhood programs, and continuing professional development opportunities should
support high-quality mathematics education. The development of institutional policies
that promote teachers’ mathematical learning, teamwork, and planning can provide the
necessary resources to overcome the classroom, community, institutional, and system-
wide barriers to young children’s mathematical proficiency. Such initiatives will ensure
the future of young children, who are our next generation of mathematics learners.

September 2007



What’s All This Talk about Rigoxr?

By NCTM President Linda M. Gojak
NCIM Summing Up, February 5, 2013

Recently, I had a conversation with a group of math coaches who are working with
elementary teachers on implementation of the Common Core Standards for
Mathematics. The discussion turned to a deseription of rigor in the classroom. The
coaches commented that many of their teachers were confused by exactly what was
meant by teaching and leaming with rigor. The coaches weren’t sure how to respond.

Rigor in the Common Core State Standards

The word “rigor” is widely used in policy discussions, but it’s rarely understood or defined, and often it
merely passes as code for “better.” It is interesting that the term “rigor” does not appear in the Commeon
Core State Standards for Mathematics, although it is certainly implied. “Rigor” appears multiple times in
the U.S. Departinent of Education’s paper, “A Blueprint for Reform: The Reauthorization of the
Elementary and Secondary Education Act,” as well as its recent document, “ESEA Flexibility”—both of
which include a call for rigorous academic content standards.

Rigor in Tnstruetion .

The coaches and I began our work of exploring the notion of rigor with an online search of the word
“rigor.” The thesaurus Ied us to a list of synonyms, including “affliction,” “inflexibility,” “difficulty,”
“severity,” “rigidity,” “suffering,” and “traditionalisimn™—none of which describe characteristics of
rigorous mathematics instruction. No wonder the teachers were confused! However, two additional words
included in the list—“thoroughness”and “tenacity”™—provided avenues for some serious thought about
what “rigor”implies. We generated the following chart, which led to an interesting discussion with the
classroom teachers. There are certainly other characteristics that can be added to the list.

Learning experiences Experiences that do

that involve rigor ... not involve rigor ...
challenge students |  lare more “difficult,” with no puxpose (for éxample,
adding 7ths and 15ths without a real context)
?nrequire effort and tenacity by students | requlremlmmal effort S
: Efocus on quality {xich tasks) focus on quantity (more pages to do)

melude entry points and extensions for all students |are offered only to gifted students - |

are not always tidy, and can have multiple paths to iare scripted, with a neat path to a solution
possible solutions

provide connections among mathematical ideas do not connect to other mathematical ideas

contain rich mathematics that is relevant to students |contain routine procedures with little relevance

develop strategic and flexible thinking follow a rote procedure
_ iencourage reasoning and sense making require memorization of rules and procedures
: without understanding

expect students to be actively involved in their own |often involve teachers doing the work while
learning - istudents watch




Rigor Involves Everyone
Rigor involves all partners in teaching and learning. Teachers must consider rigor in planning lessons,

tasks, and assignments. Rigorous lessons build on and extend prior knowledge. They encourage
productive strugpling. Although the objective of a lesson should be clear in the teacher’s mind, the lesson
should not focus on one correct path to a solution or even one correct answer. A rigorous lesson embraces
the messiness of a good mathematics task and the deep learning that it has the potential to achieve.

Students who are successful in a rigorous leaming environment take responsibility for their learning. They
learn to reflect on their thinking. They persist in solving a problem when the path to sohution is not
immediately obvious. They recognize when they are not on the correct path and need to switch directions
during the solution process. Students must learn to ask productive questions rather than expecting to be
shown how to proceed. (And, teachers must answer those questions with just enough information to move
students forward while preserving the challenge of the task!

Rigorous teaching and learning require rigorous formative assessment throughout a unit so the teacher
knows what the student has learned and can plan additional activities, or adjust them, to address student
needs. Students also have a role in formative assessment—they must approach tasks with tenacity and ask
clarifying questions when they are unsure how to proceed. All assessments must include opportunities for
students to demonstrate the processes and practices in their approach to doing mathematics. Good
formative assessment can be incorporated into daily instruction and prepare students for the summative
assessments that take place at certam points throughout the unit of study.

Moving toward Rigor
How can we support classroom teachers and pre-service teachers (pre-K—16) in working toward greater

rigor in mathematics instraction? Professional development experiences that model rigor through the use
of rich tasks, rich discourse, and good questions allow feachers to experience rigorous instruction. When
selecting tasks, teachers must be sure that mathematical ideas are explicit and the connections are clear.
The days of a few word problems at the end of multiple skill exercises in the textbook are over! Concepts
must be introduced and explored in contexts that are interesting and motivating for students. Tasks must
provide entry points for all students, offer them well-defined opportunities to make connections to other
mathematics, and include both opportunities and expectations for them to develop deeper understanding.
The focus and coherence of the Common Core State Standards lead the way to rigorous instruction. It is

time for us to begin the journey.
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Big Ideas and Understandings as the Foundation for
Elementary and Middle School Mathematics

Randall I. Charles, Carmel, CA

ducation has always been grounded on the princi-
-~ ple that high quality teaching is directly linked to
high achievement and that high quality teaching
begins with the teacher’s deep subject matter
knowledge. Mathematics education in the United States
has been grounded on this principle, and most educators
and other citizens have always believed that our teachers
have adequate content knowledge given the high mathe-
matics achievement of our students. Unfortunately, research
conducted in the past ten years has shown that the United
States is not among the highest achieving countries in the
world, and that our teacher’s subject matter knowledge
and teaching practices are fundamentally different than
those of teachers in higher achieving countries.

Research is beginning to identify important characteristics
of highly effective teachers (Ma 1999, Stigler 2004; Weiss,
Heck, and Shimkus, 2004). For example, effective teachers
ask appropriate and timely questions, they are able to
facilitate high-level classroom conversations focused on
important content, and they are able to assess students’
thinking and understanding during instruction. Another,
and the focus of this paper, is the grounding of a teacher’s
mathematics content knowledge and their teaching prac-
tices around a set of Big Mathematical Ideas (Big Ideas).

The purpose of this paper is to initiate a conversation
about the notion of Big Ideas in mathematics. Although
Big Ideas have been talked about for some time, they have
not become part of mainstream conversations about
mathematics standards, curriculum, teaching, learning,
and assessment. Given the growing evidence as to their
importance, it is timely to start these conversations. A defi-
nition of a Big Idea is presented here along with a discus-

sion of their importance. Then a set of Big Ideas and
Understandings for elementary and middle school mathe-
matics is proposed. The paper closes with some sugges-
tions for ways Big Ideas can be used.

In working with colleagues on the development of this
paper I am rather certain that it is not possible to get one
set of Big Ideas and Understandings that all mathematicians
and mathematics educators can agree on. Fortunately, I do
not think it’s necessary to reach a consensus in this regard.
Use the Big Mathematical Ideas and Understandings pre-
sented here as a starting point for the conversations they
are intended to initiate.

What is a Big Idea in mathematics?

Teachers need to understand the big ideas of mathematics
and be able to represent mathematics as a coherent and
connected enterprise. (NCTM, 2000, p. 17)

Teachers are being encouraged more and more through
statements such as the one above to teach to the big ideas
of mathematics. Yet if you ask a group of teachers or any
group of mathematics educators for examples of big ideas,
you'll get quite a variety of answers. Some will suggest a
topic, like equations, others will suggest a strand, like
geometry, others will suggest an expectation, such as those
found in Principles and Standards for School Mathematics
(NCTM, 2000), and some will even suggest an objective,
such as those found in many district and state curriculum
standards. Although all of these are important, none seems
sufficiently robust to qualify as a big idea in mathematics.
Below is a proposed definition of a big idea, and it is the
one that was used for the work shared in this paper.
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DEFINITION: A Big ldea is a statement of an
idea that is central to the learning of mathe-
matics, one that links numerous mathematical
understandings into a coherent whole.

There are several important components of this definition.
First, a Big Idea is a statement; here’s an example.

Any number, measure, numerical expression,
algebraic expression, or equation can be repre-
sented in an infinite number of ways that have
the same value.

For ease of discussion each Big Idea below is given a word
or phrase before the statement of the Big Idea (e.g.,
Equivalence). It is important to remember that this word
or phrase is a name for the Big Idea; it is not the idea itself.
Rather the Big Ideas are the statements that follow the name.
Articulating a Big Idea as a statement forces one to come to
grips with the essential mathematical meaning of that idea.

The second important component of the definition of a
Big Idea given above is that it is an idea central to the
learning of mathematics. For example, there are many
mathematical concepts (e.g., number, equality, numera-
tion) and there are many mathematical processes (e.g.,
solving linear equations using inverse operation and prop-
erties of equality) where understanding is grounded on
knowing that mathematical objects like numbers, expres-
sions, and equations can be represented in different ways
without changing the value or solution, that is, equivalence.
Also, knowing the kinds of changes in representations that
maintain the same value or the same solution is a powerful

problem-solving tool.

Ideas central to the learning of mathematics can be identi-
fied in different ways. One way is through the careful
analysis of mathematics concepts and skills; a content
analysis that looks for connections and commonalities that
run across grades and topics. This approach was used to
develop the Big Ideas presented here drawing on the work
of others who have articulated ideas central to learning
mathematics (see e.g., NCTM 1989, 1992, 2000, OFDaffer
and others, 2005; Van de Walle 2001). Some additional
thoughts are given later about identifying Big Ideas.

The third important component of the definition of 2 Big
Idea is that it links numerous mathematics understandings
into a coherent whole. Big Ideas make connections.’ As an
example, the early grades curriculum introduces several
“strategies” for figuring out basic number combinations
such as 5 + 6 and 6 x 7. The strategy of use a double
involves thinking that 5 + 6 is the same as 5+ 5 and 1
more. The strategy of use a five fact involves thinking that
6 x 7 is the same as 5 x 7 and 7 more. Both of these strate-
gies, and others, are connected through the idea of equiva-
lence; both involve brezking the calculation apart into an
equivalent representation that uses known facts to figure
out the unknown fact. Good teaching should make these
connections explicit.

A set of Big Ideas for elementary and middle school are
given later in this paper. For each Big Idea examples of
mathematical understandings are given. A mathematical
understanding is an important idea students need to learn
because it contributes to understanding the Big Idea. Some
mathematical understandings for Big Ideas can be identi-
fied through a careful content analysis, but many must be
identified by “listening to students, recognizing common
areas of confusion, and analyzing issues that underlie that
confusion” (Schifter, Russell, and Bastable 1999, p. 25).
Research and classroom experience are important vehicles
for the continuing search for mathematical understandings.

Why are Big ldeas Important?

Big Ideas should be the foundation for one’s mathematics
content knowledge, for one’s teaching practices, and for
the mathematics curriculum. Grounding one’s mathemat-
ics content knowledge on a relatively few Big Ideas estab-
lishes a robust understanding of mathematics. Hiebert and
his colleagues say, “We understand something if we see
how it is related or connected to other things we know”
(1997, p. 4), and “The degree of understanding is deter-
mined by the number and strength of the connections”
(Hiebert & Carpenter, 1992, p. 67). Because Big Ideas have
connections to many other ideas, understanding Big Ideas
develops a deep understanding of mathematics. When one
understands Big Ideas, mathematics is no longer seen as a
set of disconnected concepts, skills, and facts. Rather,
mathematics becomes a coherent set of ideas. Also, under-
standing Big Ideas has other benefits.

1 This attribute of a big idea is consistent with definitions others have provided- see Clements & DiBiase 2001; Ritchhart 1999; Southwest
Copsortium for the Improvement of Mathematics and Science Teaching 2002; Trafton & Reys, 2004.
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Understanding:

= is motivating.

* promotes more understanding.

* promotes memory.

* influences beliefs.

« promotes the development of autonomous learners.

* enhances transfer.

= reduces the amount that must be remembered.
(Lambdin 2003).

Teachers who understand the Big Ideas of mathematics
translate that to their teaching practices by consistently
connecting new ideas to Big Ideas and by reinforcing Big
Ideas throughout teaching (Ma 1999). Also, effective teach-
ers know how Big Tdeas connect topics across grades; they
know the concepts and skills developed at each grade and
how those connect to previous and subsequent grades.

And finally, Big Tdeas are impartant in building and using
curricula, The Curriculum Principle from the Principles and
Standards for School Mathematics (NCTM, 2000) gives
three attributes of a powerful curriculum.

1) A mathematics curriculum should be coherent.

2) A mathematics curriculum should focus on important
mathematics.

3) A mathematics curriculum should be well articulated
across the grades.

The National Research Council reinforced these ideas
about curriculum: “...it is impaortant that states and dis-
tricts avoid long lists [of standards] that are not feasible
and that would contribute to an unfocused and shallow
mathematics curriculum” (2001, p. 35). By the definition
givent above, Big Ideas provide curriculum coherence and
articulate the important mathematical ideas that should be
the focus of curriculum.

What are Big Ideas for elementary and
middle school mathematics?

Twenty-one (21) Big Mathematical Ideas for elementary
and middle school mathematics are given at the end of
this paper. Knowing the process I used to develop this list
and some issues [ confronted in developing it might be
helpful if you decide to medify it or build your own.

As part of a Kindergarten through Grade 8 curriculum
development project, several colleagues and I articulated
“math understandings” for every lesson we wrote in the
program. Using the long list of math understandings we
created, T organized these across content strands rather
than grade levels. When I did that, it became apparent that
there were clusters of math understandings, ideas that
seem to be connected to something bigger. I then started
the process of trying to articulate what it was that con-
nected these ideas; I developed my definition of a Big Idea
and used that as a guide. I next confronted a fundamental
issue in doing this kind of work — how big (or small) is a
Big Idea? Although I am not presumptuous enough to
suggest an answer to this question, I can share some think-
ing that guided me. My sense is that Big Ideas need to be
big enough that it is relatively easy to articulate several
related ideas, what I called mathematical understandings.
T also believe that Big Ideas need to be useful to teachers,
curriculum developers, test developers, and to those
responsible for developing state and district standards. If a
Big Tdea is too big, my sense is that its usefulness for these
audiences diminishes. This thinking led to an initial list of
31 Big Ideas grouped into the traditional content strands.
Reviews by colleagues suggested that articulating Big Ideas
by content strands was not necessary; Big Ideas are BIG
because many run across strands. This led to a reduction
in the number of Big Ideas on my list. Further analyses of
my list with regard to their usefulness for the audiences
mentioned above led to the list offered in this paper.

Finally, it is important to note that there are relatively few
Big Ideas in this list — this is what makes the notion of Big
Tdeas so powerful. One’s content knowledge, teaching
practices, and curriculum can all be grounded on a small
number of ideas. This not only brings everything together
for the teacher but most importantly it enables students to
develop a deep understanding of mathematics.

What are seme ways Big ldeas can be used?
Here are a few ways that Big Mathematical Ideas and
Understandings can be used.

Curticulum Standards and Assessment

+ Revise/create district and state curriculum standards to
incorporate Big Mathematical Ideas and Understandings.
Many state standards emphasize mathematical skills.
Curriculum coherence and effective mathematics
instruction starts with standards that embrace not just
skills but also big mathematical ideas and understandings.

11
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* Develop individual teacher, district, state, or national
assessments around Big Mathematical Ideas and
Understandings. Alignment of standards and assessment
is important for many reasons and both need to address
big ideas, understandings, and skills.

Professional Development

- Build professional development courses focused on mathe-
matics content and anchored on Big Ideas and
Understandings. Engage teachers with tasks that enable
them to grapple with Big Ideas and Understandings.

« Do a lesson study where Big Ideas are used to connect
content and teaching practices (See Takahashi &
Yoshida, 2004).

- Develop chapter/unit and individual lesson plans by start-
ing with Big Ideas. Generate mathematical understandings
specific to the content and grade level(s) of interest.

Appendix A shows an example of one way Big Ideas might
be infused into an existing curriculum. In this example,
the teachers did an analysis of all of the lessons in a fourth
grade chapter on multiplication. Based on that analysis,
they created a chapter overview that started with their
state content and reasoning standards but then connected
them to Big Ideas. Individual lessons were then connected
to the Standards and Big Ideas and to the specific mathe-
matics understandings to be developed in that lesson.

Conclusion

The purpose of this paper is to start a conversation about
Big Ideas. Use the Big Ideas and Math Understandings pre-
sented here as a starting point; edit, add, and delete as you
feel best. But, as you develop your own set keep these points
in mind. First, do not lose the essence of a Big Idea as
defined here, and second, do not allow your list of Big Ideas
and Understandings to balloon to a point where content and
curriculurn coherence are lost. Big Ideas need to remain BIG
and they need to be the anchors for most everything we do.

Blg Mathematlcal ldeas and Understandmgs for
Elementary and Mlddle School Mathematlcs

A BigIdeaisa statemeat of an Ldea that is central to the learmng of mathemancs, one that Imks numerous mathe-

matical understandmgs into a coherent whole

BIG IDEA #1

! NUMBERS = The set of real numbers IS mflnlte and each real number can be assoclated WIth

a un:que pomt on the number Ime.

' _'Examp[es nf Mathematlcal Understandlngs

Countmg Nuinbers

. Countmg tells how meny |terns there are altogether When countlng, T_he last number telis the total number of rtems -

g lt |s a cumuletwe count

® Countlng a set ina dlfferent order does no‘t change the total

= There is a number word and a matchlng symbol that tell exactly how many items are Jna group

o Each counting number can be ‘associated wnh i unlque point on the number llne but there are many pclnte on the

number line that cannot be named, by the countlng numbers..

e The distance between any two consecut:ve counting numbers on & gwen number I1ne is the same.

= One is the Ieest counting number and there is no greatest counting number on the number line.

= Numbers can also be used ta tell the posnlon of ObJEC'tS in & sequence {(e.g., 3rd), and numbers can be used to name

- something (e.g., social security numbers).
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Whole Nusbers

s Zero is a number used to describe how many are in a group with no objects in it.
= Zero can be associated with a unique point on the number line.

e Each whole number can be associated with a unigue point on the number line, but there are many paints on the number
line that cannot be named by the whole numbers.

s Zero is the least whole number and there is no greatest whole number on the number line.

Integers
= |ntegers are the whole numbers and their opposites on the number line, where zero is ils own opposite.

» Each integer can be associated with a unigue point on the number line, but there are many points en the number line
that cannat be named by integers.

e An integer and its opposite are the same distance from zero on the number line.

= There is no greatest or least integer on the number line.

Fractions/Rational Numbers .
= A fraction describes the division of a whole (region, set, segment) into equal parts.

- The bottom number in a fraction tells how many equal parts the whole or unit is divided into. The top number tells how
many equal parts are indicated.

= A fraction is relative to the size of the whole or unit.

= A fraction describes division.( a/b = a+ b, a & b are integers & b # 0), and it can be interpreted on the number line in
two ways. For example, 2/3 =2 +'3. On the number line, 2 + 3 can be interpreted as 2 segments where each is 1/3
of a.unit (2 x 1/3) or 1/3 of 2 whole units (1/3 x 2); each is associated with the same point on the number line.
(Rational number)

s Each ffaétion can be associated with a unigue point uh the number line, but not all of the points between integers can
be named by fractions.

« There is no least or greatest fraction on the number line.

= There ére an infinite number. of fractions between any two fractions on the number line.

= A decimal is another name fo_r a fraction and thus can be associated with the corresponding point on the number line.
* Whole numbers and integers can be written as fractions (e.g., 4 = 4/1, -2 =-8/4). '

« A percent is another Wéy_to write a decimal that compares part to a whole where the whole is 100 and thus can be
associated with the corresponding point on the number line.

s Percent is relative to the size of the whole.

BIG IDEA #2

THE BASE TEN NUMERATION SYSTEM — The base ten numeration system is a scheme for
recording numbers using digits 0-9, groups of ten, and place value.

Ex;;‘mple_s .6f Wiathematical Understandings:

Whole Numbers

s Numbers can be represented using objects, werds, and symbols.

= . For any number, the place of a digit tells how many ones, tens, hundreds, and so forth are represented by that digit.
e FEach place value to the left of another is ten times greater than the one to the right (e.g., 100 = 10 x 10).

= You can add the value of the digits together to get the value of the number.

s Sets of ten, one hundred and so forth must be perceived as single entities when interpreting numbers using place value
(e.g., 1 hundred is one group, it is 10 tens or 100 ones).
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Decinals

= Decimal place value is an extension of whole number place value.

a The baseten numeration system extends infinitely to \Jery large and very small numbers (e.g., millions & millionths).

BIG IDEA #3

_EQUIVALENCE * Any number, measure,; numetrical expressron algebraic expression, or equation
can be represented in an infinite number of ways that have the same value.

Examples of Mathematical Understandings:

Numbers and Numeration

e .Numbers can be decornposed into parts in an infinite number of ways

° Numbers can be named in eguivalent ways using place value (e.g., 2 hundreds 4tens is equlva\ent to 24 tens).

° Numencal expressions can be named in an infinite number of different but equivalent ways (e.g., 4/6 2/8 2/3 =
1/4 =273 x 4/1; also 26 x 4 = (20 + 6) x 4).

» Decimal numbers can be named in an infinite number af different but equivalent forms (e.g., 0.3 = 0.30 = 0.10 + 0.20).

] Number Theory and Fractions
= Every cornposlte number can be expressed as the product of prime numbers in exactiy one way, dlsregardtng the order

. of the factors (Fundamental Theorem of Arithmetic).
° Every fractron/ratlo can be represented by an mﬁnrte set of dffferent but equtvalent fractions/ratios.

Algebmlc Expresswns and Equations
= Algebraic expressions can be named in an infinite number of different but equivalent ways (e.g., 2(x —12) = 2x - 24 =

2x = (28 - 4)).
s A given equation can be represented in an infinite number of different ways that have the same solutlen (.8, 3x— 5 =
16 and 3x = 21 are equivalent equatlons they have the same solution, 7).

Measurement
Measuremente can be represented in equivalent ways using different unzts (e.g., 21t 3 in=27in.).

"o "A given time of dey can be represented in more than ane way.

= For most money amounts, there are drfferent but finite combinations of currency that show the same amount; the number
- of coins in two sets does not necessarily indicate whn:h of two sets has the greater value.

e s #4.

, CDMPAR[SON: Nurrrbers, expressions, and measures can be ‘compared by their relative values.

J E:kernples of Mathematical Understandings:

Numbers & Expressions

. One—t&one correspondence can be used to compare sets.

e A number 1o the right of another on the number line is the greater number.

. Nurnl_aers can be compared using greater than, less than, or equal.

& Three or more numbers can be ordered by repeatedly doing pair-wise comparisons.

« Whole numbers and decimals can be compared by analyzing corresponding place values.

= Numerical and algebraic expressions can be compared Using preater than, less than, or eqgual.

14
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Fractions, Ratios, & Percent
= A comparison of a part to the whole can be represented using a fraction.

= A ratio is a multiplicative comparison of quantities; there are different types of comparisons that can be represented
as ratios.

= Ratios give the relative sizes of the quantities being compared, not necessgrily the actual sizes.
= Rates are special types of ratios where unlike quantities are being compared.
= A percent is a special type of ratio where a part is compared to a whole and the whole is 100.

= The probability of an event is a special type of ratio.

Geometry and Measurement
o Lengths can be compared using ideas such as longer, shorter, and equal.

s [Mass/weights can be compared using ideas such as heavier, lighter, and equal.

s Measures of area, volume, capacity and termperature can each be compared using ideas such as greater than, less
than, and equal.

e Time duration for events can be compared using ideas such as longer, shorter, and equal.

= Anglés can be compared using ideas such as greater than, less than, and equal.

BIG IDEA #5 .

- OPERATION MEANINGS & RELATIONSHIPS: The same number sentence (e.g. 124 = 8) can
be associated with different concrete or real-world situations, AND different number sen-
tences can be associated with the same concrete or real-world situation.

Examples of Mathematical Understandings:

Whole Numbers
= Some realworld problems involving joining, separating, part-part-whole, or cnmpanson can be solved using addition;
others can be solved using subtraction.

° Adding x is the mverse of subtracting x.
e Any subtrac’non ca!culation can be solved by addmg up from the subtrahend.
= Adding quantltres greater than zero gives a sum that's greater Than any addend
e Subtracting a whole number (except 0) from another whole number gives a difference that's less than the minuend.

‘s Some real-world problems involving joining equal groups, separating equal groups comparison, or combinations can
be sofved using multiplication; others can be solved usmg division.

s Multrplylng by x is the inverse of dividing by x.
° Any division calculation can be solved using multiplication.
o Multiplying two whole numbers greater than one gives a product greater than either factor.

Rational Numbers (Fractions cé'Dec:mai's)
o The realworld actions for addition and subtraction of whoie numbers are the same for operations with fractions

and decimals.

= Different real-world interpretations can be associated with the product of a whole number and fraction (decimal),
a fraction (decimal) and whole number, and a fraction and fraction (decimal and decimal).

e Different real-world interpretations can be associated with division calculations involving fractions (decimals).

= The effects of operations for addition and subtraction with fractions and decimals are the same as those with
whole numbers.
= The product of two positive fractions each less than one is less than either factor.
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Integers
= The realworld actions for operations with integers are the same for operations with whaole numbers.

BIG IDEA #6 .

PROPERTIES: For a given set of numbers there are relationships that are always true, and
these are the rules that govern arithmetic and algebra.

Examples of Mathematical Understandings:

Propertles of Operations
' Properties of whole numbers apply to certain operations but not others (e.g., The commutatlve property app ies to addi-

tion and muit:pi:catlon but not subtraction and division.). g :
= Two numbers can be added in any order; two numbers can be multiplied in any order.
» The sum of a number and zero is the number; the product of any nonzero number and one is the number.

e Three or more numbers can be grouped and added (or multiplied) in any order.

Properties of Equality
e [fthe same real number is added or st,btracted to both sides of an equation, equafity s maintained.
.. If both sn:les of an equation are multlphed or divided by the same real number (not d!VLdII‘Ig by 0), eguality is mamtamed

° Two quantltles equal to the same third quantity are equal to each other.

BIG [DEA #7

- BASIC FACTS & ALGORITHMS: Basic facts and a]garlthms for operations with ratlonal numbers
use notlonsl,of equivalence to transform calculations into simpler ones.

Examples of Mathématibal Understandings:

Mental Calculatzons
® Nurnber relationships and seguences can be used for mental calculations (one more, one less; ten more, ten Iess
30 is two more than 28: counting back by thousands from 50, ODO is 49,000, 48,000, 47,000 etc.)

» Numbers can be broken apart and grouped in different ways to make calculations simpler.

Whole Number Basu: Facts é’AIUorlthms
= Some basxc addition and multiplication facts can be found by breakmg apart the unknown fact into known facts Then
" the answers to the known facts are combined ‘ED give the final value.

. !Subtractlon facts can be found by thinking of the related addmcm fact.

. .DIVESIDI'I facts can be found by thinking about the reIated multiplication fact.

s When 0 is dlwded by any nonzero number, the quotren‘t is zero, and O cannot be a divisor.
. Addltlon can be used to check subtractlon and multlpllcatmn can be uced to check dl\nsmn

. F'owers of ten are |mportant benchmarks in our numeration system, and thmkmg about numbers in relation to powers of
“ten’ can make addmon and subtraction easier. :

e When you divide whole numbers some‘umes there is a remamder the remamder must be less than the divisor.

e The realworld situation determines how a remainder needs to be interpreted when solving a problem.

Rational Number Algorithms
» Fractions with unlike denominators are renamed as equivalent fractions with like denominators to add and subtract.

= The product of two fractions can be found by multiplying numerators and multiplying denominators.
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= A fraction division calculation can be changed te an equivalent multiplication calculation (i.e., a/b + ¢/d = a/b x d/c,
where b, c, and d = O).

e Division with a decimal divisor is changed to an equivalent calculation with a whole number divisor by multiplying the
divisor and dividend by an appropriate power of ten.

s Money amounts represented as decimals can be added and subtracted using the same algorithms as with whole numbers.

Measurement
e Algorithms for operations with measures are modifications of algorithms for rational numbers.

o Length measurements in feet and inches can be added or subtracted where 1 foot is regrouped as 12 inches.

= Times in minutes and seconds can be added and subtracted where 1 minute is regrouped as 60 seconds,

BIG IDEA #8

ESTIMATION: Numerical calculations can be approximated by replacing numbers with other
numbers that are close and easy to compute with mentally. Measurements can he approxi-
mated using known referents as the unit in the measurement process.

Examples of Mathematical Understandings:

Numnerical

= The numbers used to make an estimate determine whether the estimate is over or under the exact answer.

= Division algorithms use numerical estimation and the relationship between division and multiplication to find quotients.
e Benchmark fractions like 1/2 (0.5) and 1]4 (0.25) can be used to estimate calculations invelving fractions and decimals.

o Estimation can be used to check the reasonableness of exact answers found by paper/pencil or calculator methods.

Measurement _ _
e Length, area, volume, and mass/weight measurements can be estimated using appropriate known referents.

e A Iérge number of objects in a given area can be estimated by finding how many are in a sub-section and multiplying by
the number of sub-sections. )

BIG IDEA #9

PATTERNS: Relationships can be described and generalizations made for mathematical
situations that have humbers or objects that repeat in predictable ways.

Examples of Mathematical Understandings:

Numbers .

e Skip counting on the number line generates number patterns.

> The étrubture of the base ten num'erat'lon systemn produces many numerical patterns.

L Th'er:-'e are-patterns in the products for mﬁltiplicéﬁoh factsr with factors of O, 1, 2, 5, and 9.

s There are patterns when multiplying or dividing whole numbers and decimals by powers of ten.
e The difference between successive terms in some seguences is constant.

e The ratio of successivg terms in some sequences is a constant.

e Known elemenis in a pattern can be used to predict other elements.

Geometry
* Some sequences of geometric objects change in predictable ways.
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BIG IDEA #10

' VARIABLE: Mathematical s'ltuations and structures can be translated and represenl:ed

abstractly using variables, expressions, and equations.

Examples of Mathematical Understandings:

l.etters are used in mathematics to represent generalized properties, unknowns in equations, and relationships between
quantltles ‘

Some mathematical phrases can be represented as algebraic expressions (e.g. Five less than a number can be written
asn-—>5.)

Some prdblem situations can be represented as algebraic expressions (e.g. Susan is twice as tall as Tom; If T = Tom's
height, then 2T = Susan’s height.)

Algebraic expressions can be used to generalize some transformations of objects in the plane.

BIG lDEA #11

PROPDRTIONALITY If two quantrtles vary proportronally, that relationship can be represented
as a linear function.

Examples of Mathematical Understandings:

‘A‘ ratio is a multipllcative comparison of quantities.

Ratios glve the relative sizes of the quantmes being compared, not necessarily the actual sizes.
Ratios can be expressed as units by finding an equwalent ratio where the second term is one.
A proportion is a relationship between relationships.

lf two quantities vary proportionally, the ratio of eorrespdnding terms is constant.

If two quant|t|es vary proportionally, the censtant ratlo can be expressed in lowest terms (a composite unit) or as a unit
amount the constam retlo is the slope of the related Imearfunctlon

There are several techni ques for solving proportlons (e.g., finding the unit amount, cross products}

When you graph the terms of equal ratios as ordered palrs (l"rst term, second term) ‘and connect the polnts the graph
Is a straight line.
If twolquantl‘ues vary proportionally, the quantities are either directly related (as one increases the other lncreases} or

‘inversely related (as one increases the other decreases)

Scale drawangs involve similar fi figures, and cerrespondlng parts of similar figures are proportional.
In any Clrcle the ratio of the circumference to the diameter is always the same and is represented by the number pi.

Rates can be related using proportions as can percents and prubabllltles.

- BIG lDEA #12

RELAT!ONS & FUNCTIONS: Mathematical rules (relations) can be used to assrgn members of

-one, set to members of another set. A specral rule (functlon) assigns each member of one Set"‘

toa unlque member of the other set.

Exarﬁples of Mathematical Understandings:

Mathematical relationships can be represented and analyzed using words, tables, graphs, and equations.
In mathematical relationships, the value for one quantity depends on the vaiue of the other gquantity.
The nature of the quantities in a relationship determines what values of the input and output guantities are reasonable.

The graph of a relationship can be analyzed with regard to the change in one guantity relative to the change in the
other guantity.
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The graph of a relation can be analyzed to determine if the relation is a function.

In a linear function of the form y = ax, a is the constant of variation and it represents the rate of change of y with
respect to x.

The solutions to a linear function form a straight line when graphed.
A horizontal line has a slope of 0, and a vertical line does not have a slope.

The parameters in an equation representing a function affect the graph of the function in predictable ways.

BIG IDEA #13

EQUATIONS & INEQUALITIES: Rules of arithmetic and algebra can be used together with
notions of eguivalence to fransform equations and inequalities so solutions can be found.

Examples of Mathematical Understar_adings:

A solution to an equation is a value of the unknown or unknowns that makes the equation true.

Properties of equality and reversible operations can be useel to generate equivalent equations and find solutions.
Techniques for solving equations start by transforming the equation into an equ:fvalent one.

A solution or solutions to a linear or quadratic equation can be found in the table of ordered peirs or from the graph of
the related function. ‘
Techniques for solving equations can be applied to solving inequalities, but the dlrectlon of the inequality sign needs to
be considered when negative numbers are involved.

BIG IDEA #14

SHAPES & SOLIDS: Two- and three-dimensional objects with or without curved surfaces can
be described, classified, and analyzed by their attributes.

Examples of Mathematlcal Understandlngs

Pomt Ilne line segment and plane are the core attributes of space objects, and real-world 5|tuat10ns can be used to
think about these attributes.

Pal ygons can be described uniguely by their sides and angles.
Polygons can be constru;:ted from or decomposed into other polygons.

Tr]'ang!es‘an'd quadrilaterals can be described, categorized, and named based on the relative Iengtﬁs of their sides and
the sizes of their angles.

All polyhedra can be described completely by their faces, edges, and vertices.
Some shapes or combinations of shapes can be put together without overlapping 1o completely cover the plane.
There is more than one way to classn‘y most shapes ancl solids.

' BIG IDEA #15

ORIENTATIONj &‘LOCATIDN: Objects in space can be oriented in an infinite number of ways,
and an object’s location in space can be described quantitatively.

* Examples of Mathematical Understandings:

Lines and Line Segments

Two distinct iines in the plane are either parallel or intersecting; two distinct lines in space are parallel, intersecting
or skew.

The angles formed by two intersecting lines in the plane are related in special ways (e.g., vertical angles).

A number of degrees can be used to describe the size of an angle's opening.
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= Some angles have special relationships based on their position or measures (e.g., complementary angles).

= |n the plane, when a line intersects two parallel lines the angles formed are related in special ways.

Objects
s The orientation of an object does not change the other attributes of the object.

« The Cartesian Coordinate System is a scheme that uses two perpendicular number lines intersecting at O on each to
name the location of points in the plane; the system can be extended to name points in space.

= Every p,t)lntlin the plane can be described uniquely by an ordered pair of nurbers; the first number tells the distance to
the left or right of zero on the horizontal number ling; the second tells the distance above or below zero on the vertical

number line.

BIG IDEA #16

TRANSFORMATIONS: Objects in space can be transformed in an infinite number of ways, and
those transformations can be described and analyzed mathematically.

Examples of Mathematical Understandings:

= Congruent figures remain congruent through translations, rotations, and reflections.

® Shapes can be transformed to similar shapes (but larger or smaller) with proportional correspondmg sides and
congruent correspondmg angles

. Algebralc expressions can be used to generalize transformations for objects in the plane.

= Some shapes can be divided in half where ane half folds exactly on top of the other (line symmetry).

= Some shapes can be rotated around a point in less than one complete turn and land exactly on top of themselves (rota-
tional symmetry). ‘ '

BIG IDEA #17 -
MEASUREMENT Sorne attributes of objects are measurable and can be quanttfled using umt
amounts

Examples of Mathematical Understandings:

. Measurement involves a selected attribute of an ObJE.‘Et (length, area, mass volume capacity) and a comparison of the
object be|ng measured against a unit of the same attribute.

° The langer the unit of measure, the fewer units it takes to measure the ohject.
. The magnltude of the attribute to be measured and the accuracy needed determmes the appropna‘te measurement unit.

e For a given perlmeter There can be a shape with area close to zerd. The maximum area for a given perimeter and a
given number of sides Is the regular polygon with that number of sides.

BIG IDEA #18

DATA COLLECTION Some questions can be answered by collecting and analyz:ng data, and
the questlon to be answered determines the data that needs to be collected and how best

" to collect lt

Examples of Mathematical Understandings:
» An appropriately selected sample can be used to describe and make predictions about a population.

s The size of a sample determines how close data from the sample mirrors the population.
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BIG IDEA #19

DATA REPRESENTATION: Data can he represented visually using tables, charts and graphs.
The type of data determines the best choice of visual representation.

Examples of Mathematical Understandings:
e Each type of graph is most appropriate for certain types of data.

o Scale influences the patterns that can be observed in data.

BlG IDEA #20

DATA DISTRIBUTION: There are special numerical measures that describe the center and
spread of numerical data sets.

Examples of Mathematical Understandings:

= The best descriptor of the center of a numerical data set (i.e., mean, median, mode) is determined by the nature of the
data and the guestion to be answered.

* Outliers affect the mean, median, and mode in different ways.

= Data interpretation is enhanced by numerical measures telling how data are distributed.

BIG IDEA #21

CHANCE: Th'e chance of an event occurring can be described numerically by a number
between 0 and 1 inclusive and used to make predictions about other events.

Examples of Mathematical Understandings:
= Probability can provide a basis for making predictions.
= Some probabllmes can only be determined through experimental trials.

e An event that is certain to happen will always happen (The probabllity is 1.) and an event that is impossible will never
happen (The probability is 0.).
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APPENDIX A:

CONTENT STANDARDS

A Sample Chapter Analysis Using Standards and Big Ideas

===

Focus
*NS 2.4: Solve simple problems invelving multiplication of
multi-digit numbers by one-digit numbers

Other

*NS 3.3: Solve problems involving operations with meney
amounts in decimal notation and multiply and divide money
amounts in decimal notation using whole number multipliers
and divisors

Discussion

NS 2.4, Multiplying multi-digit numbers by 1-digit numbers, is
the main focus of this chapter. Multiplicands up to four digits
are used including money amounts such as $43.98. The stan-
dard algorithm is developed with whole numbers and extended
to money. All decimal quantities are related to meney amounts.

BIG IDEAS

Focus

+ Algorithms: Algorithms for operations with rational numbers
use notions of equivalence to transform calculations into sim-
pler ones.

+ Operation Meanings & Relationships: The same number
sentence can be assoclated with different concrete or reak
world situations, AND different number sentences can be
associated with the same concrete or reakworld sttuation,

+ Properties: For a given set of numbers there are relation-
ships that are always true, and these are the rules that govern
arithmetic and algebra.

Other

+ Equivalence: Any number, measure, numerical expression,
algebraic expression, or eguation can be represented In an
infinite number of ways that have the same value.

Discussion

The Big Idea of focus is Algorithms and it should be empha-
sized in every skill lesson. All calculations in this chapter
involve changing the numerical expression to an eguivalent one
and breaking the calculation into simpler ones involving basic
facts or 1-digit numbers times a multiple of 10, or 100. Lesson
9-1 develops the simpler calculations one needs to know for
the other skill lessons in the chapter.

The array interpretation of multiplication is used to show how
the standard algorithm involves breaking the calculation into
simpler ones. The distributive property justifies the breaking
apart process. For example, 3 x 15 =3 x (10 + 5) = (3 x10) +
(3 x 5) = 30 + 5 = 35. Nofice that 15 is named in an equiva-
lent way, 10 + 5.

MATHEMATICAL REASONING

Focus
MR 1.1 Analyze problems by identifying relationships, and so
forth

MR 2.1 Use estimation to verify the reasonableness of results

MR 2.2 Apply strategies and results from simpler problems to
more complex problems.

Other
MR 2.3 -2.6, 3.0

Discussion

Estimating products, developed in 9-4, should be emphasized
in every lesson thereafter. Rounding might be used most often
but compatible numbers also can be used (e.g., 2 x 36 Is
about 2 x 35). The need for exact or approximate answers
should be discussed.

Operation meanings should be emphasized. The repeated
addition and array interpretations are emphasized throughout
the chapter.

The Big Idea of Algorithms connects to MR 2.2, breaking a
problem into simpler ones. This applies to the multiplication
algorithm and to solving some types of word problems.

Students should generalize the multiplication process from
2-digit through 4-digit multiplicands; the process is the same,
it is just repeated.
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NASBE

Natiosal Assoriatien of
State Boanrds of Edacarion

QCS%O AL 4
= Achieve

K—8 Publishers’ Criteria for the Common Core State Standards for Mathematics

These Standards are not intended to be new names for old ways of doing business. They
are a call to take the next step. .. It is time to recognize that standards are not just
promises to our children, but promises we intend to keep.

—CCSSM, p. 5

The Comimon Core State Standards were developed through a state-led initiative that drew on
the expertise of teachers, researchers and content experts from across the country. The
Standards define a staircase to college and career readiness, building on the best of previous
state standards and evidence from international comparisons and domestic reports and
recommendations. Most states have now adopted the Standards to replace previous
expectations in English fanguage arts/literacy and mathematics.

Standards by themselves cannot raise achievement. Standards don’t stay up late at night
working on lesson plans, or stay after school making sure every student learns—it’s teachers
who do that. And standards don’t implement themselves. Education leaders from the state
board to the building principal must make the Standards a reality in schools. Publishers too
have a crucial role to play in providing the tools that teachers and students need ta meet higher
standards. This document, developed by the CCSSM writing team, aims to support faithful
CCSSM implementation by providing criteria for materials aligned to the Common Core State
Standards for Mathematics.

How should alignment be judged? Traditionally, judging alignment has been approached as a
crosswalking exercise. But crosswalking can result in large percentages of “aligned content” while
obscuring the fact that the materials in question align not at alf to the letter or the spirit of the
standards being implemented. These criteria are an attempt to sharpen the alignment question
and make alighment and misalignment more clearly visible.

These criteria were developed from the perspective that publishers and purchasers are equally
responsible for a healthy materials market. Publishers cannot deliver focus to buyers who only
ever complain about what has been left out, yet never complain about what has crept in. More
generally, publishers cannot invest in quality if the market doesn’t demand it of them nor reward
them for producing i.

The document is structured as follows:
I.  Focus, Coherence, and Rigor in the Comman Core State Standards for Mathematics
i.  Criteria for Materials and Tools Aligned to the Standards
. Appendix: “The Structure is the Standards”
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I.  Focus, Coherence, and Rigor in the Common Core State Standards for
Mathematics

Less topic coverage can be associated with higher scores on those topics covered because students have more
time to master the content that is taught.

~Ginshurg et al.,, 2005, Reossessing LS. International Mathematics
Performance: New Findings from the 2003 TIMSS and PISA

This finding that postsecondary instructors target fewer skills as being of high importance is consistent with
recent policy statements and findings raising concerns that some states reguire too many standards to be
taught and measured, rather than focusing on the most important state standards for students to attain. ...

Because the postsecondary survey results indicate that a more rigorous treatment of fundamental content
knowledge and skilis needed for credit-bearing college courses would batter prepare students for
postsecondary school and work, states would likely benefit from examining their state standards and, where
necessary, reducing them to focus only on the knowledge and skills that research shows are essential to
college and career readiness and postsecondary success. ...

—ACT National Curriculum Survey 2009

Because the mathematics concepts in [U.S.] textbooks are often weak, the presentation becomes
more mechanical than is ideal. We looked at both traditional and non-traditional textbooks used in
the U.5. and found conceptual weakness in both.

—Ginsburg et al_, 2005, cited in CCSSM, p. 3

--[Blecause conventional texthook coverage is so fractured, unfocused, superficial, and ungrioritized,
there is no guarantee that most students will come out knowing the essential concepts of algebra.

—Wiggins, 2012*

For years national reports have called for greater focus in U.S. mathematics education. TIMSS
and other international studies have concluded that mathematics education in the United
States is a mile wide and an inch deep. In high-performing countries, strong foundations are laid
and then further knowledge is built on them; the design principle in those countries is focus
with coherent progressions. The U.S. has lacked such discipline.

There is evidence that state standards have become somewhat more focused over the past
decade. But in the absence of standards shared across states, instructional materials have not
followed suit. Moreover, prior to the Common Core, state standards were making little
progress in terms of coherence: states were not fueling achievement by organizing math so that
the subject makes sense.

With the advent of the Common Core, a decade’s worth of recommendations for greater focus
and-coherence finally have a chance to bear fruit. Focus and coherence are the two major
evidence-based design principles of the Commmon Core State Standards for Mathematics.
These principles are meant to fuel greater achievement in a rigorous curriculum, in which

* From http://grantwiggins.wordpress.com/2012/02/01/a-postscript-to-my-comment-a bout-kids-having-trouble-with-the-
distributive-property.
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students acquire conceptual understanding, procedural skill and fluency, and the ability to
apply mathematics to solve problems. Thus, the implications of the standards for mathematics
education could be summarized briefly as follows:

/Focus: focus strongly where the standards focus \
Coherence: think across grades, and link to major topics in each grade
Rigor: in major topics, pursue with equal intensity

e conceptual understanding,
e procedural skill and fluency, and

\ o applications j

Focus

Focus requires that we significantly narrow the scope of content in each grade so that siudents
more deeply experience that which remains.

We have come to see “narrowing” as a bad word—and it is a bad word, if it means cutting arts
programs and language programs. But math has swelled in this country. The Standards are
telling us that math actually needs to lose a few pounds.

The overwhelming focus of the Standards in early grades is arithmetic along with the
components of measurement that support it. That includes the concepts underlying arithmetic,
the skills of arithmetic computation, and the ability to apply arithmetic to solve problems and
put arithmetic to engaging uses. Arithmetic in the K-5 standards is an important life skill, as
well as a thinking subject and a rehearsal for algebra in the middie grades.

Focus remains important through the middle and high school grades in order to prepare
students for college and careers; surveys suggest that postsecondary instructors value greater
mastery of prerequisites over shallow exposure to a wide array of topics with dubious relevance
to postsecondary work.,

During the writing of the Standards, the writing team often received feedback along these lines:
“Iove the focus of these standards! Now, if we could just add one or two more things....” But
focus compromised is no longer focus at all. Faithfully implementing the Standards requires
moving some topics traditionally taught in earlier grades up to higher grades entirely,
sometimes to much higher grades. “Teaching less, learning more” can seem like hard medicine
for an educational system addicted to coverage. But remember that the goal of focus is to make
good on the ambitious promise the states have made to their students by adopting the
Standards: greater achievement at the college- and career-ready level, greater depth of
understanding of mathematics, and a rich classroom environment in which reasoning, sense-
making, applications, and a range of mathematical practices all thrive. None of this is realistic in
a mile-wide, inch-deep world. ‘
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Both of the assessment consortia have made the focus, coherence, and rigor of the Standards
central to their assessment designs.” Choosing materials that also embody the Standards will be
essential for giving teachers and studenis the tools they need to build a strong mathematical
foundation and succeed on the coming aligned exams.

Coherence

Coherence is about making math make sense. Mathematics is not a list of disconnected tricks or
mnemonics. It is an elegant subject in which powerful knowledge results from reasoning with a
small number of principles such as place value and properties of operations.” The standards
define progressions of learning that leverage these principles as they build knowledge over the
grades.4

When people talk about coherence, they often talk about making connections between topics.
The mast important connections are vertical: the links from one grade to the next that allow
students to progress in their mathematical education. That is why it is critical to think across
grades and examine the progressions in the standards to see how major content develops over
time.

Connections at a single grade level can be used to improve focus, by tightly linking secondary
topics to the major work of the grade. For example, in grade 3, bar graphs are not “just another
topic to cover.” Rather, the standard about bar graphs asks students to use information
presented in bar graphs to solve word problems using the four operations of arithmetic. Instead
of allowing bar graphs to detract from the focus on arithmetic, the standards are showing how
bar graphs can be positioned in support of the major work of the grade. In this way coherence
can supporit focus.

Materials cannot match the contours of the Standards by approaching each individual content
standard as a separate event. Nor can materials align to the Standards by approaching each
individual grade as a separate event. From the Appendix: “The standards were not so much
assembled out of topics as woven out of progressions. Maintaining these progressions in the
implementation of the standards will be important for helping all students learn mathematics
at a higher level. ... For example, the properties of operations, learned first for simple whole
numbers, then in later grades extended to fractions, play a central role in understanding
operations with negative numbers, expressions with letters and fater still the study of
polynomials. As the application of the properties is extended over the grades, an understanding
of how the properties of operations work together should deepen and develop into one of the
most fundamental insights into algebra. The natural distribution of prior knowledge in
classrooms should not prompt abandoning instruction in grade level content, but should
prompt explicit attention to connecting grade level content to content from prior learning. To
da this, instruction should reflect the progressions on which the CCSSM are built.”

2 Sae the Srmarter/Balanced content specification and item development specifications, and the PARCC Model Content
Framework and item development ITN. Complete information about the consortia can be found at www.smarterbalanced.org
and www.parcconline.org.

® For some remarks by Phil Darc on this theme, see the excerpt at hitp://vimeo.com/achievethecore/darafocus, and/or the full
video available at http://commoncoreteols.me/2012/05/21/phil-daro-on-learning-mathematics-through-problem-sojving/.
“For more information on progressions in the Standards, see http://ime.math.arizona.edu/progressions.

Page 4 7/20/2012



Rigor

To help students meet the expectations of the Standards, educators will need to pursue, with
equal intensity, three aspects of rigor in the major work of each grade: conceptual
understanding, procedural skill and fluency, and applications. The word “understand” is used in
the Standards to set explicit expectations for conceptual understanding, the word “fluently” is
used to set explicit expectations for fluency, and the phrase “real-world problems” and the star
symbol {*) is used to set expectations and flag opportunities for applications and modeling
(which is a Standard for Mathematical Practice as well as a content category in High School).

To date, curricula have not always been balanced in their approach 1o these three aspects of
rigor. Some curricula stress fluency in computation, without acknowledging the role of
conceptual understanding in attaining fluency. Some stress conceptual understanding, without
acknowledging that fluency requires separate classroom work of a different nature. Some stress
pure mathematics, without acknowledging first of all that applications can be highly motivating
for students, and moreover, that a mathematical education should make students fit for more
than just thelr next mathematics course. At another extreme, some curricula focus on
applications, without acknowledging that math doesn’t teach itself.

The Standards do not take sides in these ways, but rather they set high expectations for all three
components of rigor in the major work of each grade. Of course, that makes it necessary that we
first follow through on the focus in the Standards—otherwise we are asking teachers and
students to do more with less.

Criteria for Materials and Tools Aligned to the Standards

The single most important flaw in United States mathematics instruction is that the curriculum is
“a mile wide and an inch deep.” This finding comes from research comparing the U.S. curriculum
to high performing countries, surveys of coliege faculty and teachers, the National Math Panel,
the Early Childhood Learning Report, and all the testimony the CCSS writers heard. The standards
ara meant to be a blueprint for math instruction that is more focused and coherent. ...
Crosswalks and alignments and pacing plans and such cannat be allowed to throw away the
focus and coherence and regress to the mile-wide curriculun,

—Daro, McCaitum, and Zimba, 2012 {from the Appendix)

Using the criteria

One approach to developing a document such as this one would have been to develop a separate
criterion for each mathematical topic approached in deeper ways in the Standards, a separate
criterion for each of the Standards for Mathematical Practice, etc. It is indeed necessary for
textbooks to align to the Standards in detailed ways. However, enumerating those details here
would have led to a very large number of criteria. Instead, the criteria use the Standards’ focus,
coherence, and riger as the main themes. In addition, this document includes a section on
indicators of quality in materials and tools, as well as a criterion for the mathematics and statistics
in instructional resources for science and technical subjects. Note that the criteria apply to
matertals and tools, not to teachers or teaching.
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The criteria can be used in several ways:

e [nforming purchases and adoptions. Scheols or districts evaluating materials and tools for
purchase can use the criteria to test claims of alignment. States reviewing materials and
tools for adoption can incorporate these criteria into their rubrics. Publishers currently
modifying their programs, or designing new materials and tools, can use the criteria to
shape these projects.

o Working with previously purchased materials. Most existing materials and tools likely fail
to meet one or more of these criteria, even in cases where alignment to the Standards is
claimed. But the pattern of failure is likely to be informative. States and districts need not
wait for “the perfect book” to arrive, but can use the criteria now to carry out a thoughtful
plan to modify or combine existing resources in such a way that students’ actual learning
experiences approach the focus, coherence, and rigor of the Standards. Publishers can
develop innovative materials and tools specifically aimed at addressing identified
weaknesses of widespread texthooks or programs,

e Reviewing teacher-developed materials and guiding their development. Publishers aren’t
the only source of instructional materials; teachers also create materials and tools,
ranging in length from an individual problem set or lesson up to an entire unit or longer.
States, districts, schools, and teachers themselves can use the criteria to assess the
alignment of teacher-developed materials to the Standards and guide the development of
new materials aligned to the Standards.

e Professional development. The criteria can be used to support activities that help
communicate the shifts in the Standards. For example, teachers can analyze existing
materials to reveal how they treat the major work of the grade, or assess how well
materials attend to the three aspects of rigor, or determine which problems are key to
develaping the ideas and skills of the grade.

In all these cases, it is recommended that the criteria for focus be attended to first. By attending
first to focus, coherence and rigor may realistically develop. Failing to meet any single focus
criterion is encugh to show that the materials in question are not aligned to the Standards.

For the sake of brevity, the criteria sometimes refer to parts of the Standards using abbreviations
such as 3.MD.7 {an individual content standard}, MP.8 {a practice standard), 8.EE.B (a cluster
heading), or 4. NBT {a domain heading). Readers of the document should have a copy of the
Standards available in order 1o refer to the indicated text in each case.

These criteria were developed for materials and tools in grades K—8. Some of the criteria may
also apply to materials developed for high school courses. Note that an update to this
document is pkanned for early 2013 (it is anticipated that this update will also include high
school).

The Standards do not dictate the acceptable forms of instructional resources—to the contrary,
they are a historic opportunity to raise student achievement through innovation. Materials and
tools of very different forms can meet the criteria that follow, including workbooks, multi-year
programs, and targeted interventions. For example, materials and tools that treat a single
important topic or domain might be valuable to consider.
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This also includes digital or online materials and tools. Digital materials offer substantial
promise for conveying mathematics in new and vivid ways and customizing learning. In a digital
or online format, diving deeper and reaching back and forth across the grades is easy and often
useful. Focus and coherence can be greatly enhanced through dynamic navigation—though, if
such capabilities are used poorly, focus and coherence could also be greatly diminished.

As noted in the Standards {p. 4), “All students must have the opportunity to learn and meet the
same high standards if they are to access the knowledge and skills necessary in their post-
school lives. The Standards should be read as allowing for the widest possible range of students
to participate fully from the outset, along with appropriate accommodations to ensure
maximum participation of students with special education needs.” Thus, an over-arching
criterion for materials and tools is that they provide supports for special populations such as
students with disabilities, English language learners,” and gifted students.

Criteria for Materials and Tools Alighed to the Standards

1. Focus on Major Work: In any single grade, students and teachers using the materials as
designed spend the large majority of their time, approximately three-quarters, on the
major work of each grade. In order to preserve the focus and coherence of the Standards,
both assessment consortia have designated clusters as major, additional, or supporting,®
with clusters designated as major comprising the major work of each grade. Materials are
highly unlikely to be aligned to the Standards’ focus unless students and teachers using
them as designed spend the large majority of their time, approximately three-quarters,’ on
the major work of each grade. In addition, major work should especially predominate in the
first half of the year {e.g., in grade 3 this is necessary so that students have sufficient time to
build understanding and fluency with multiplication).

Digital or online materials that allow navigation or have no fixed pacing plan are explicitly
designed to ensure that students’ time on task meets this criterion.

Note that an important subset of the major work in grades K-8 is the progression that teads
toward middle-school algebra {see Table 1, next page). Materials give especially careful
treatment to these clusters and their interconnections.

*slides from a brief and informal presentation by Phii Daro about mathematical language and English language learners can be
found at http://db.tt/VARV3ebl.

® for cluster-level emphases at grades K-2, see
http:/fwww.achievethecore.org/downieads/Marh%20Shifts%2Cand%20Major¥%20Work%20of%20Grade. pdf.
7 Given the particular ciusters that are designated major in grade 7, the criterion for that grade is approximately two-thirds,

rather than approximately three-fourths.
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2. Focus in Early Grades: Materials do not assess any of the following topics before the grade
fevel indicated.

Table 2

Grade Introduced

Topi
opic in the Standards

Probability, including chance, likely outcomes,
probability models.

Statistical distributions, including center, variation,
clumping, outliers, mean, median, mode, range,
guartiles; and statistical association or trends, 6
inciuding two-way tables, bivariate measurement data,
scatter plots, trend line, line of best fit, correlation.

Similarity, congruence, or geometric transformations. 8

Symmetry of shapes, including line/reflection
symmetry, rotational symmetry.

Additionally, materials do not assess pattern problems in K=5 that do not support the focus
on arithmetic, such as “find the next one” problems.

As Table 2 indicates, the Standards as a whole do include these topics—they are not being
left out. However, in the coherent progression of the Standards, these topics first appear at
later grades in order to establish focus. Thus, in aligned materials there are no chapter tests,
unit tests, or other assessment components that make students or teachers responsible for
any of the above topics before the grade in which they are introduced in the Standards.
(One way to meet this criterion is for materials to omit these topics entirely prior to the
indicated grades.)

3. Focus and Coherence through Supporting Work: Supporting content does not detract
from focus, but rather enhances focus and coherence simuitaneously by engaging
students in the major work of the grade. For example, materials for K—5 generally treat
data displays as an occasion for solving grade-level word problems using the four
operations.® {This criterion does not apply in the case of targeted supplemental materials or
other tools that do not include supporting content.)

4. Rigor and Balance: Materials and tools reflect the balances in the Standards and help
students meet the Standards’ rigorous expectations, by (all of the following, in the case of
comprehensive materials; at least one of the following for supplemental or targeted
resources):

a. Developing students’ conceptual understanding of key mathematical concepts, where
called for in specific content standards or cluster headings. Materials amply feature

# For mare information about this example, see Table 1 in the Progression for K-3 Categorical Data and 2-5 Measurement Data,
http://commencoretocls.files.wordpress.com/2011/06/ccss progression md kS 2011 06 20.pdf. More generally, the PARCC
Madel Content Frameworks give examples in each grade of how to improve focus and coherence by linking supporting topics to
the major worlk,
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high-quality conceptual problems and guestions that can serve as fertile conversation-
starters in a classroom if students are unable to answer them. This includes brief
conceptual problems with low computational difficulty (e.g., ‘Find a number greater
than 1/5 and less than 1/4’); brief conceptual questions {e.g., ‘I the divisor does not
change and the dividend increases, what happens to the quotient?’}; and problems that
involve identifying correspondences across different mathematical representations of
quantitative relationships.” In the materials, conceptual understanding is not a
generalized imperative applied with a broad brush, but is attended to most thoroughly
in those places in the content standards where explicit expectations are set for
understanding or interpreting. Such problems and activities include fine-grained
mathematical concepts, such as place value, the whole-number product a x b, the
fraction @/h, the fraction product {(@/b) x g, expressions as records of calculations,
solving equations as a process of answering a question, etc. {Conceptual understanding
of key mathematical concepts is thus distinct from applications or fluency work, and
these three aspects of rigor must be balanced as indicated in the Standards.)

b. Giving attention throughout the year to individual standards that set an expectation
of fluency. The Standards are explicit where fluency is expected. Materials in grades K—6
help students make steady progress throughout the year toward fluent {accurate and
reasonably fast) computation, including knowing single-digit products and sums from
memory {see, e.g., 2.0A.2 and 3.0A.7). Progress toward these goals is interwoven with
students’” developing conceptual understanding of the operations in question.™
Manipulatives and concrete representations such as diagrams that enhance conceptual
understanding are closely connected to the written and symbolic methods to which they
refer (see, e.g., 1.NBT). As well, purely procedural problems and exercises are present.
These include cases in which opportunistic strategies are valuable—e.g., the sum
698 + 240 or the system x +y =1, 2x + 2y = 3—as well as an ample humber of generic
cases so that students can learn and practice efficient algorithms {e.g., the sum
8767 +2286). Methods and algorithms are general and based on principles of
mathematics, not mnemonics or tricks.** Materials do not make fluency a generalized
imperative to be applied with a broad brush, but attend most thoroughly to those places
in the content standards where explicit expectations are set for fluency. In higher
grades, algebra is the language of much of mathematics. Like learning any language, we
learn by using it. Sufficient practice with algebraic operations is provided so as to make
realistic the attainment of the Standards as a whole; for example, fluency in algebra can

? Note that for ELL students, multipie representations also serve as multiple access paths.
“® Far more about how students develop fluency in tandem with understanding, see the Progressions for Cperations and
Algebraic Thinking, http://commoncoretools. files.wordpress.com/2011/05/cess progression cc oa k5 2011 05 _302.pdf and

for Number and Cperations in Base Ten,
http://commoncoretools.files.wordpress.com/2011/04/cess progression nbt 2011 04 073.pdf.

™ Non-mathematical approaches {such as the “butterfly method” of adding fractions) compromise focus and coherence and
displace mathematics in the curriculum (cf. 3.NF.1). For additicnal background on this point, see the remarks by Phil Daro
excerpted at http://vimeo.com/achievethecore/darofocus and/or the full video, available at
http://commoncoretocls.me/2012/05/21/phit-daro-on-learning-mathematics-through-problem-solving/.
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help students get past the need to manage computational details so that they can
observe structure (MP.7) and express regularity in repeated reasoning (MP.8).

c. AHowing teachers and students using the materials as designed to spend sufficient
time working with engaging applications, without losing focus on the major work of
each grade. Materials in grades K-8 include an ample number of single-step and rmulti-
step contextual problems that develop the mathematics of the grade, afford
opportunities for practice, and engage students in problem solving. Materials for grades
&8 also include problems in which students must make their own assumptions or
simplifications in order to model a situation mathematically. Applications take the form
of problems 1o be worked on individually as well as classroom activities centered on
application scenarios. Materials attend thoroughly to those places in the content
standards where expectations for multi-step and real-world problems are explicit.
Applications in the materials draw only on content knowledge and skills specified in the
content standards, with particular stress on applying major work, and a preference for
the more fundamental technigues from additional and supporting work. Modeling
builds slowly across K-8, and applications are relatively simple in earlier grades.
Problems and activities are grade-level appropriate, with a sensible tradeoff between
the sophistication of the problem and the difficulty or newness of the content
knowledge the student is expected to bring to bear.™

Additional aspects of the Rigor and Balance Criterion:

{1) The three aspects of rigor are not always separate in materiafs. (Conceptual
understanding needs to underpin fluency work; fluency can be practiced in the context
of applications; and applications can build conceptual understanding.)

{2) Nor are the three uspects of rigor always together in materials. (Fluency requires
dedicated practice to that end. Rich applications cannot always be shoehorned into the
mathematical topic of the day. And conceptual understanding will not come along for
free unless explicitly taught.)

(3) bigital and online materials with no fixed lesson flow or pacing plan are not designed
for superficial browsing but rather instantiate the Rigor and Balance criterion and
promate depth and mastery.

5. Consistent Progressions: Materials are consistent with the progressions in the Standards,
by (all of the following):

a. Basing content progressions on the grade-by-grade progressions in the Standards,
Progressions in materials match closely with those in the Standards. This does not
require the table of contents in a bock to be a replica of the content standards; but the
match between the Standards and what students are to learn should be close in each
grade. Discrepancies are clearly aimed at helping students meet the Standards as

2 CCSSM, p. 84. Also note that modeling is a mathematical practice in every grade, but in high school it is also a content
category (CCSSM, pp. 72, 73); therefore, modeling is generally enhanced in high school materials, with more elements of the
modeling cycle {CCSSM, p. 72).
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written, rather than effectively rewriting the standards. Comprehensive materials do
not introduce gaps in learning by omitting content that is specified in the Standards.

The basic model for grade-to-grade progression involves students making tangible
progress during each given grade, as opposed to substantially reviewing then marginally
extending from previous grades. Grade-level work begins during the first two to four
weeks of instruction, rather than being deferred until later as previous years’ content is
reviewed. Remediation may be necessary, particularly during transition years, and
resources for remediation may be provided, but review is clearly identified as such to
the teacher, and teachers and students can see what their specific responsibility is for
the current year.

Digital and online materials that allow students and/or teachers to navigate content
across grade levels promote the Standards’ coherence by tracking the structure and
progressions in the Standards. For example, such materials might link problems and
concepts so that teachers and students can browse a progression.

b. Giving all students extensive work with grade-level problems. Differentiation is
sometimes necessary, but materials often manage unfinished learning from earlier
grades inside grade-level work, rather than setting aside grade-level work to reteach
earlier content. Unfinished learning from earlier grades is normal and prevalent: it
should not be ignored nor used as an excuse for cancelling grade level work and
retreating to below-grade work. (For example, the development of fluency with division
using the standard algorithm in grade 6 is the occasion to surface and deal with
unfinished learning about place value; this is more productive than setting aside division
and backing up.} Likewise, students who are “ready for mare” can be provided with
problems that take grade-level work in deeper directions, not just exposed to later
grades’ topics.

¢. Relating grade level concepts explicitly to prior knowledge from earlier grades. The
materials are designed so that prior knowtedge becomes reorganized and extended to
accommodate the new knowledge. Grade-level problems in the materials often involve
application of knowledge learned in earlier grades. Although students may well have
learned this earlier content, they have not learned how it extends to new mathematical
situations and applications. They learn basic ideas of place value, for example, and then
extend them across the decimal point to tenths and beyond. They learn properties of
operations with whole numbers, and then extend them to fractions, variables, and
expressions. The materials make these extensions of prior knowledge explicit. Note that
cluster headings in the Standards sometimes signal key moments where reorganizing
and extending previous knowledge is important in order to accommodate new
knowledge {e.g., see the cluster headings that use the phrase “Apply and extend
previous understanding”).

6. Coherent Connections: Materials foster coherence through connections at a single grade,
where appropriate and where required by the Standards, by (all of the following):
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a. Including learning objectives that are visibly shaped by CCSSM cluster headings, with
meaningful consequences for the associated problems and activities. While some
clusters are simply the sum of their individual standards (e.g., 8.EE.C), many are not
{e.g., 8.EE.B). In the latter cases, cluster headings function like topic sentences in a
paragraph in that they state the point of, and lend additional meaning to, the individual
content standards that follow. Cluster headings can also signal multi-grade progressions,
by using phrases such as “Apply and extend previous understandings of [X] to do {Y].”
Hence an important criterion for coherence is that some or many of the learning
objectives in the materials are visibly shaped by CCSSM cluster headings, with
meaningful consequences for the associated problems and activities. Materials do not
simply treat the Standards as a sum of individual content standards and individual
practice standards.

b. Including problems and activities that serve to connect two or more clusters in a
domain, or two or more domains in a grade, in cases where these connections are
natural and important. if instruction only operates at the individual standard tevel, or
even at the individual cluster level, then some important connections will be missed. For
example, robust work in 4.NBT should sometimes or often synthesize across the clusters
listed in that domain; robust work in grade 4 should sometimes or often involve
students applying their developing computation NBT skills in the context of solving word
problems detailed in OA. Materials do not invent connections not explicit in the
standards without first attending thoroughly to the connections that are required
explicitly in the Standards {e.g., 3.MD.7 connects area to multiplication, to addition, and
to properties of operations; A-REL.11 connects functions to equations in a graphical
context.) Not everything in the standards is naturally well connected or needs to be
connected (e.g., Order of Operations has essentially nothing to do with the properties of
operations, and connecting these two things in a lesson or unit title is actively
misleading). instead, connections in materials are mathematically natural and important
(e.g., base-ten computation in the context of word problems with the four operations),
reflecting plausible direct implications of what is written in the Standards without
creating additional requirements.

7. Practice-Content Connections: Materials meaningfully connect content standards and
practice standards. “Designers of curricula, assessments, and professional development
should all attend to the need to connect the mathematical practices to mathematical
content in mathematics instruction.” (CCSSM, p. 8.) Over the course of any given year of
instruction, each mathematical practice standard is meaningfully present in the form of
activities or problems that stimulate students to develop the habits of mind described in the
practice standards. These practices are weli-grounded in the content standards. Materials
are accompanied by an analysis, aimed at evaluators, of how the authors have approached
each practice standard in relation to content within each applicable grade or grade band.
Materials do not treat the practice standards as static across grades or grade bands, but
instead tailor the connections to the content of the grade and to grade-level-appropriate
student thinking. Materials also include teacher-directed materials that explain the role of
the practice standards in the classroom and in students’ mathematical development.
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8. Focus and Coherence via Practice Standards: Materials promote focus and coherence by
connecting practice standards with content that is emphasized in the Standards. Content
and practice standards are not connected mechanistically or randomly, but instead support
focus and coherence. Examples: Materials connect looking for and making use of structure
{MP.7} with structural themes emphasized in the Standards such as properties of
operations, place value decomnpositions of numbers, numerators and denominators of
fractions, numerical and algebraic expressions, et¢; materials connect looking for and
expressing regularity in repeated reasoning {(MP.8} with major topics by using regularity in
repetitive reasoning as a tool with which to explore major topics. {In K-5, materfals might
use regularity in repetitive reasoning to shed light on, e.g., the 10 x 10 addition table, the
10 x 10 multiplication table, the properties of operations, the relationship between addition
and subtraction or multiplication and division, and the place value system; in 6-8, materials
might use regularity in repetitive reasoning to shed light on proportional relationships and
linear functions; in high school, materials might use regularity in repetitive reasoning to
shed light on formal algebra as well as functions, particularly recursive definitions of
functions.)

9. Careful Attention to Each Practice Standard: Materials attend to the full meaning of each
practice standard. For example, MP.1 does nat say, “Solve problems.” Or “Make sense of
problems.” Or “Make sense of problems and solve them.” it says “Make sense of problems
and persevere in solving them.” Thus, students using the materials as designed build their
perseverance in grade-tevel-appropriate ways by occasionally solving problems that require
them to persevere to a solution beyond the point when they would like to give up. MP.5
does not say, “Use tools.” Or “Use appropriate tools.” It says “Use appropriate tools
strategically.” Thus, materials include problems that reward students’ strategic decisions
about how to use tools, or about whether to use them at all. MP.8 does not say, “Fxtend
patterns.” Or “Engage in repetlitive reasoning.” It says “Look for and express regularity in
repeated reasoning.” Thus, it is not enough for students to extend patterns or perform
repeated calculations. Those repeated calculations must lead to an insight {e.g., “When |
add a multiple of 3 to another multiple of 3, then | get a multiple of 3.”). The analysis for
evaluators explains how the full meaning of each practice standard has been attended to in
the materials.

10. Emphasis on Mathematical Reasoning: Materials support the Standards’ emphasis on
mathematical reasoning, by (all of the following):

a. Prompting students to construct viable arguments and critique the arguments of
athers concerning key grade-level mathematics that is detailed in the content
standards (cf. MP.3). Materials provide sufficient opportunities for students to reason
mathematically in independent thinking and express reasoning through classroom
discussion and written work. Reasoning is not confined to optional or avoidable
sections of the materials but is inevitable when using the materials as designed.
Materials do not approach reasening as a generalized imperative, but instead create
opportunities for students to reason agbout key mathematics detailed in the content
standards for the grade. Materials thus attend first and most thoroughly to those
places in the content standards setting explicit expectations for explaining, justifying,
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showing, or proving. Students are asked to critique given arguments, e.g., by explaining
under what conditions, if any, a mathematical statement is valid. Materials develop
students’ capacity for mathematical reasoning in a grade-level appropriate way, with a
reasonable progression of sophistication from early grades up through high school.*®

“Teachers and students using the materials as designed spend from a quarter to a half of
their classroom time communicating reasoning {by constructing viable arguments and
explanations and critiquing those of others’ concerning key grade-level mathematics)—
recognizing that learning mathematics also involves time spent working on applications
and practicing procedures. Materials provide examples of student explanations and
arguments {e.g., fictitious student characters might be portrayed).

b. Engaging students in problem solving as a form of argument. Materials attend
thoroughly to those places in the content standards that explicitly set expectations for
multi-step problems; multi-step problems are not scarce in the materials. Some or
many of these problems require students to devise a strategy autonomously.
Sometimes the goal is the final answer alone (cf. MP.1); sometimes the goal is to show
work and fay out the solution as a sequence of well justified steps. In the latter case,
the solution to a problem takes the form of a cogent argument that can be verified and
critiqued, instead of a jumble of disconnected steps with a scribbled answer indicated
by drawing a circle around it {cf. MP.6). Problems and activities of this nature are
grade-level appropriate, with a reasonable progression of sophistication from early
grades up through high school.

c. Explicitly attending to the specialized language of mathematics. Mathematical
reasoning involves specialized language. Therefore, materials and tools address the
development of mathematical and academic language associated with the standards.
The language of argument, problem solving and mathematical explanations are taught
rather than assumed. Correspondences between language and multiple mathematical
representations including diagrams, tables, graphs, and symbolic expressions are
identified in material designed for language development. Note that variety in formats
and types of representations-—graphs, drawings, images, and tables in addition to
text—can relieve some of the language demands that English language learners face
when they have to show understanding in math.

The text is considerate of English language [earners, helping them to access challenging
mathematics and helping them to develop grade level language. For example, materials
might include annotations to help with comprehension of words, sentences and
paragraphs, and give examples of the use of words in other situations. Modifications to
language do not sacrifice the mathematics, nor do they put off necessary language
development.

' As students progress through the grades, their production and comprehension of mathematical arguments evolves from
informal and concrete toward mere formal and abstract. In early grades students employ imprecise expressions which with
practice over time become more precise and viahle arguments in later grades. Indeed, the use of imprecise language is part of
the process in learning how to make more precise arguments in mathematics. Uttimately, conversation about arguments helps
students transform assumptions inta explicit and precise claims.
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A criterion for the mathematics and statistics in materials for science and technical subjects

Lack of alignment between mathematics and science or technical subjects could have the effect
of compromising the focus and coherence of the mathematics Standards. Instead of reinforcing
concepts and skills already carefully introduced in math class, teachers of science and technical
subjects would have to teach this material in stopgap fashion. That wouldn’t serve students
well in any grade, and elementary teachers in particular would preside over a chaotic learning
environment,

[S] Consistency with CCSSM: Materials for science and technical subjects are consistent with
CCsSM. Materials for these subjects in K-8 do not subtract from the focus and coherence of
the Standards by outpacing CCSSM math or data progressions-in grades K-8 or misaligning
to them. in grades 6—8 and high school, materials for these subjects also build coherence
across the curriculum and support college and career readiness by integrating key
mathematics into the disciplines, particularly simple algebra in the physical sciences and

technical subjects, and basic statistics in the life sciences and technical subjects (see Table
3).

Tabte 3

Algebraic competencies integrated into materials for Statistical competencies integrated into materials for

middle school and high school seience and technicaf middie school and high school science and technical

subjects subjects

® Working with positive and negative numbers e Working with distributions and measures of center
{including fractions) to solve problems and variability

¢ Using variables and writing and selving equationsto | « Working with simple probabiiity and random
solve problems ' sampling

e Recognizing and using proportional relationships te e Working with bivariate categorical data (2.g., two-
solve problems ) way tables)

e Graphing proportional relationships and linear » Working with bivariate measurement data {e.g.,
functions to solve problems scatter plots) and linear medels
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Indicators of quality in instructional materials and tools for mathematics

The preceding criteria express important dimensions of alignment to the Standards. The
following are some additional dimensions of quality that materials and tools should exhibit in
order to give teachers and students the tools they need to meet the Standards:

(]

Page 17

Problems in the materials are worth doing:

o The underlying design of the materials distinguishes between problems and exercises.
Whatever specific terms are used for these two types, in essence the difference is that
in solving problems, students learn new mathematics, whereas in working exercises,
students apply what they have already learned to build mastery. Problems are
problems because students haven’t yet learned how to solve them; students are
learning from solving them. Materials use problems to teach mathematics. Lessons have
a few well designed problems that progressively build and extend understanding.
Practice exercises that build fluency are easy to recognize for their purpose. Other
exercises require longer chains of reasoning.

o Each problem or exercise has a purpose—whether to teach new knowledge, bring
misconceptions to the surface, build skill or fluency, engage the student in one or
several mathematical practices, or simply present the student with a fun puzzle.

o Assignments aren’t haphazardly designed. Exercises are given to students in intentional
sequences—for example, a sequence leading from prior knowledge to new knowledge,
or a sequence leading from concrete to abstract, or a sequence that leads students
through a number of important cases, or a sequence that elicits new understanding by
inviting students to see regularity in repeated reasoning. Lessons with too many
problems make problems a commodity; they forbid concentration, and they make focus
and coherence unlikely.

o The language in which problems are posed is carefully considered. Note that
mathematical probiems posed using only ordinary language are a special genre of text
that has conventions and structures needing to be learned. The language used to pose
mathematical problems should evolve with the grade level and across mathematics
caontent.

There is variety in what students produce: Students are assigned to produce answers and
solutions, but also arguments and explanations, diagrams, mathematical models, etc.

There is variety in the pacing and grain size of content coverage.

o Materials that devote roughly equal time to each content standard do not allow
teachers and students to focus where necessary.

o The Standards are not written at uniform grain size. Sometimes an individual content
standard will require days of work, while other standards will be sufficiently addressed
when grouped with other standards. For example, it isn’t plausible that students will
understand concepts of place value (e.g., 2.NBT.1) without substantial explicit
instruction, probfem solving, and exercises devoted to this particular point.
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There are separate teacher materials that suppart and reward teacher study, including:

Discussion of student ways of thinking with respect to important mathematical
problems and concepts—espectally anticipating the variety of student responses.

Guidance on interaction with students, mostly questions to prompt ways of thinking.
Guidance on lesson flow.

Discussion of desired mathematical behaviors being elicited among the students.

The use of manipulatives follows best practices (see, e.g., Adding It Up, 2001):

Manipulatives are faithful representations of the mathematicol objects they represent.
For example, colored chips can be helpful in representing some features of rational
numbers, but they do not provide particularly direct representations of all of the
important mathematics. The opposite of the opposite of red isn't clearly blue, for
example, and chips aren't particutarly well suited as models for adding rational numbers
that are not integers (for this, a number line model may be more appropriate).

Manipulatives are closely connected to written methods. “Research indicates that
students’ experiences using physical models to represent hundreds, tens, and ones can
be effective if the materials help them think about how to combine quantities and,
eventually, how these processes connect with written procedures.” (Adding it Up, p.
198, emphasis in the original). For example, base-ten blocks are a reasonable mode! for
adding within 1000, but not a reasonable method for doing so; nor are colored chips a
reasonable methed for adding integers. (Cf. standards 1.NBT.4, 1.NBT.6, 2.NBT.7, and
5.NBT.7; these are not the only places in the curriculum where connecting to a written
methed is important). The word “fluently” in particular as used in the Standards refers
to fluency with a written or mental method, not a method using manipulatives or
concrete representations.

Materials are carefully reviewed by qualified individuals, whose names are listed, to ensure:

Freedom from mathematical errors*
Grade-level appropriateness

Freedom from bias {for example, problem contexts that use culture-specific background
knowledge do not assume readers from all cultures have that knowledge; simple
explanations or illustrations or hints scaffold comprehension).

Freedom from unnecessary language complexity.

The visual design isn't distracting or chaotic, or aimed at adult purchasers, but instead

serves only to support young students in engaging thoughtfully with the subject.

14 . - - - . -
Sometimes errors in matertals are simple falsehocds, e.g., printing an incorrect answer to a problem; other errors are more

subtle, e.g., asking students to explain why something is so when it has been defined to be so.
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Support for English language learners and members of other special populations is
thoughtful and helps those learners to meet the same standards as all other students.
Allowing English language learners to collaborate as they strive to learn and show
understanding in an environment where English is used as the medium of instruction will
give them the support they need to meet their academic goals. Materials can structure
interactions in pairs, in small groups, and in the large group (or in any other group
canfiguration), as some English language learners might be shy to share orally with the large
group, but might not have problem sharing orally with a small group or in pairs. {In
addition, when working in pairs, if English language leaners are paired up with a student
who shares the same language, they might choose to think about and discuss the problems
in their first language, and then worry about doing it in English.)

{For paper-based materials.) A textbook that is focused is short. For example, by design
Japanese textbooks have less than one page per lesson. Elementary textbooks should be
fess than 200 pages, middle and secondary less than 500 pages. :
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Appendix
The Structure is the Standards
Essay by Phil Daro, William McCallum, and Jason Zimba, February 16, 20127

You have just purchased an expensive Grecian urn and asked the dealer to ship it to your
house. He picks up a hammer, shatters it into pieces, and explains that he will send one piece a
day in an envelope for the next year. You object; he says “don’t worry, I'll make sure that you
get every single piece, and the markings are clear, so you’ll be able to glue them all back
together. I've got it covered.” Absurd, no? But this is the way many school systems require
teachers to deliver mathematics to their students; one piece (i.e. one standard} at a time. They
promise their customers (the taxpayers) that by the end of the year they will have “covered”
the standards. '

In the Comman Core State Standards, individual statements of what students are expected
to understand and be able to do are embedded within domain headings and cluster headings
designed to convey the structure of the subject. “The Standards” refers to all elements of the
design—the wording of domain headings, cluster headings, and individual statements; the text
of the grade level introductions and high school category descriptions; the placement of the
standards for mathematical practice at each grade level.

The pieces are designed to fit together, and the standards document fits them together,
presenting a coherent whole where the connections within grades and the flows of ideas across
grades are as visible as the story depicted on the uen.

The analogy with the urn only goes so far; the Standards are a policy document, after all,
not a work of art. In common with the urn, however, the Standards were crafted to reward
study on multiple levels: from close inspection of details, to a coherent grasp of the whole.
Specific phrases in specific standards are worth study and can carry important meaning; yet this
meaning is also importantly shaped by the cluster heading in which the standard is found. At
higher levels, domain headings give structure to the subject matter of the discipline, and the
practices’ yearly refrain communicates the varieties of expertise which study of the discipline
develops in an educated person.

Fragmenting the Standards into individual standards, or individual bits of standards, erases
ali these relationships and produces a sum of parts that is decidedly less than the whole.
Arranging the Standards into new categories also breaks their structure. It constitutes a
remixing of the Standards. There is meaning in the cluster headings and domain names that is
not contained in the numbered statements beneath them. Remove or reword. those headings
and you have changed the meaning of the Standards; you now have different Standards; you
have not adopted the Common Core.

Sometimes a remix is as good as or better than the original. Maybe there are 50 remixes,
adapted to the preferences of each individual state (although we doubt there are 50 good
ones). Be that as it may, a remix of a work is not the same as the original work, and with 50
remixes we would not have common standards; we would have the same situation we had
before the Common Core.

¥ http://commoncoreigols.me/2012/02//15/the-structure-is-the-standards/.
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Why s paying attention to the structure important? Here is why: The sin'gle most important
flaw in United States mathematics instruction is that the curriculum is “a mile wide and an inch
deep.” This finding comes from research comparing the U.S. curriculum to high performing
countries, surveys of college facuity and teachers, the National Math Panel, the Early Childhood
Learning Report, and all the testimony the CCSS writers heard. The standards are meant to be 3
biueprint for math instruction that is more focused and coherent. The focus and coherence in
this blueprint is largely in the way the standards progress from each ather, coordinate with
each other and most importantly cluster together into coherent bodies of knowledge.
Crosswalks and alignments and pacing plans and such cannot be allowed to throw away the
focus and coherence and regress to the mile-wide curriculum.

Another consequence of fragmenting the Standards is that it obscures the progressions in
the standards. The standards were not so much assembled out of fopics as woven out of
progressions. Maintaining these progressions in the implementation of the standards will be
important for helping all students fearn mathematics at a higher level. Standards are a bit like
the growth chart in a doctor’s office: they provide a reference point, but no child follows the
chart exactly. By the same token, standards provide a chart against which to measure growth in
children’s knowledge. Just as the growth chart moves ever upward, so standards are written as
though students learned 100% of prior standards. In fact, all classrooms exhibit a wide variety
of prior learning each day. For example, the properties of operations, learned first for simple
whole numbers, then in later grades extended to fractions, play a central role in understanding
operations with negative numbers, expressions with letters and later still the study of
polynomials. As the application of the properties is extended over the grades, an understanding
of how the properties of operations work together should deepen and develop into one of the
most fundamental insights into algebra. The natural distribution of prior knowledge in
classrooms should not prompt abandoning instruction in grade level content, but should
prompt explicit attention to connecting grade level content to content from prior learning. To
do this, instruction should reflect the progressions on which the CCSSM are built. For example,
the development of fluency with division using the standard algorithm in grade 6 is the
occasion to surface and deal with unfinished learning with respect to place value. Much
unfinished learning from earlier grades can be managed best inside grade level work when the
progressions are used to understand student thinking.

This is a basic condition of teaching and should not be ignored in the name of standards.
Nearly every student has more to learn about the mathematics referenced by standards from
earlier grades. Indeed, it is the nature of mathematics that much new learning is about
extending knowledge from prior learning to new situations. For this reason, teachers need to
understand the progressions in the standards so they can see where individual students and
groups of students are coming from, and where they are heading. But progressions disappear
when standards are torn out of context and taught as isolated events.
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Introduction
Toward greater focus and coherence

The composite standards {of Hong Kong, Korea and Singapore] have a number of features that can inform an
international benchmarking process for the development of K—6 mathematics standards in the US. First, the
composite stondards concentrate the early learning of mathematics on the number, measurement, and geometry
strands with less emphasis on data analysis and little exposure to algebra. The Hong Kong standards for grades
1-3 devote approximately half the targeted time to numbers and almost all the time remaining to geometry and

measuremnent,

Ginsburg, Leinwand and Decker, 2009

Mathematics experiences in early childhood settings should concentrate on (1) number (which includes whole
number, operations, and relations) and (2) geometry, spatial relations, and measurement, with more mathematics
learning time devoted to number than to other topics. The mathematical process goals should be integrated in
these content areas. Children should understand the concepts and learn the skills exemplified in the teaching-
learning paths described in this report.

National Research Council, 2009

In general, the US textbooks do a much worse job than the Singapore textbooks in clarifying the mathematical
concepts that students must learn. Because the mathematics concepts in these textbooks are often weak, the
presentation becomes more mechanical than is ideal. We locked at both traditional and non-traditional

textbooks used in the US and found this conceptual weakness in both.

Ginsburg et al., 2005

Notable in the research base for these standards are conclusions from TIMSS and other
studies of high-performing countries that the traditional US mathematics curriculum must
become substantially more coherent and more focused in order to improve student
achievement in mathematics. To deliver on the promise of common standards, the standards
must address the problem of a curriculum that is ‘a mile wide and an inch deep.” The draft
Common Core State Standards for Mathematics are a substantial answer to this challenge.

It is important to recognize that “fewer standards” are no substitute for focused standards.
Achieving “fewer standards” would be easy to do by simply resorting to broad, general
statements. Instead, the draft Common Core State Standards for Mathematics aim for clarity
and specificity.

Common Core State Standards | Mathematics 7 2 h



Assessing the coherence of a set of standards is more difficult than assessing their focus.
William Schmidt and Richard Houang (2002) have said that content standards and curricula

are coherent if they are:

articulated over time as a sequence of topics and performances that are logical and reflect, where appropriate,
the sequential or hierarchical nature of the disciplinary content_from which the subject matter derives. That is,
what and how siudents are taught should reflect not only the topics that fall within a certain academic
discipline, but also the key ideas that determine how knowledge is organized and generated within that
discipline. This implies that “to be coherent,” a set of content standards must evolve from particulars (e.g., the
meaning and operations of whole numbers, including simple math facts and routine computational procedures
associated with whole numbers and fractions) to deeper structures inherent in the discipline. This deeper
structure then serves as a means for connecting the particulars (such as an understanding of the rational number

system and its properties). (emphasis added)

The draft Common Core State Standards for Mathematics endeavor to follow such a
design, not only by stressing conceptual understanding of the key ideas, but also by
continually returning to organizing principles such as place value or the laws of arithmetic to
structure those ideas. _ -

The standards in this draft document define what students should understand and be able
to do. Asking a student to understand something means asking a teacher to assess whether
the student has understood it. But what does mathematical understanding look like? One
hallmark of mathematical understanding is the ability to justify, in a way appropriate to the
student’s mathematical maturity, why a particular mathematical statement is true or where a
mathematical rule comes from. There is a world of difference between the student who can
summon a mnemonic device such as “FOIL” to expand a product such as (a + b)(x + y) and a
student who can explain where that mnemonic comes from. Teachers often observe this
difference firsthand, even if large-scale assessments in the year 2010 often do not. The
student who can explain the rule understands the mathematics, and may have a better
chance to succeed at a less familiar task such as expanding (a + b + c)(x + y). Mathematical
understanding and procedural skill are equally important, and both are assessable using
mathematical tasks of sufficient richness. _

The draft Common Core State Standards for Mathematics begin on the next page with
eight Standards for Mathematical Practice. These are not a list of individual math topics, but
rather a list of ways in which developing student-practitioners of mathematics increasingly
ought to engage with those topics as they grow in mathematical maturity and expertise
throughout the elementary, middle and high school years.

Grateful acknowledgment is here made to Dr. Cathy Kessel for editing the draft standards.
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Mathematics | Standards for Mathematical Practice

Proficient students of all ages expect mathematics to make sense. They take an active stance in solving
mathematical problems. When faced with a non-routine problem, they have the courage to plunge in and try
something, and they have the procedural and conceptual tools to continue. They are experimenters and
inventors, and can adapt known strategies to new problems. ‘They think strategically.

The practices described below are encouraged in apprentices by expert mathematical thinkers. Students
who engage in these practices, individually and with their classmates, discover ideas and gain insights that
spur them to pursue mathematics beyond the classroom walls. They learn that effort counts in mathematical
achievement. Encouraging these practices in students of all ages should be as much a goal of the mathematics
curriculum as the learning of specific content.

1 Make sense of problems and persevere in solving them.

Mathematically proficient students start by explaining to themselves the meaning of a problem and looking for entry points to its
solution. They analyze givens, constraints, relationships, and goals. They make conjectures about the form and meaning of the
sotution and plan a solution pathway rather than simply jumping into a solution attempt. They consider analogous problems, and
try special cases and simpler forms of the original problem in order to gain insight into its solution. They ronitor and evaluate
their progress and change course if necessary. Older students might, depending on the context of the problem, transform
algebraic expressions or change the viewing window on their graphing calculator to get the information they need.
Mathematically proficient students can explain correspondences between equations, verhal descriptions, tables, and graphs or
draw diagrams of important features and relationships, graph data, and search for regularity or trends. Younger students might
rely on using concrete objects or pictures to help conceptualize and solve a problem. Mathematically proficient students check
their znswers to problems using a different method, and they continuatly aslk themselves, “Does this make sense? They can
understand the approaches of others to salving complex problems and identify correspondences between different approaches.

2 Reason absiractly and quantitatively,

Mathematically proficient students make sense of the quentities and their relationships in problem situations, Students bring two
complementary abilities to bear on problems involving quantitative relationships: the ability to decontextualize—to abstract a given
situation and represent it symbolically and manipulate the representing symbols as if they have a life of their own, without
necessarily attending to their referents—and the ability to contestualize, to pause as needed during the manipulation process in
order to probe into the referents for the symbols involved. Quantitative reasoning entafls habits of creating a coherent
representation of the problem at hand; considering the units involved; attending to the meaning of quantities, not just how to
compute them; and knowing and flexibly using different properties of operations and objects,

3 Construct viable arguments and critique the reasoning of others.

Mathematically proficient students understand and use stated assumptions, definitions, and previously established results in
constructing arguments. They make conjectures and build a logical progression of statements to explore the truth of their
conjectures. They are able o analyze sitnations by breaking them into cases, and can recognize and use counterexamples. They
justify their conclusions, communicate them to others, and respond to the arguments of others. They reason inductively sbout
data, making plausible arguments that take into account the context from which the data arose. Mathematically proficient
students are also able to compare the effectiveness of two plausible argurnents, distinguish correct logic or reasoning from that
which is flawed, and—if there is a flaw in an argument—explain what it is. Elernentary students can construct arguments using
concrete referents such as objects, drawings, diagrams, and actions. Such arguments can make sense and be correct, even though
they are not generalized or made formal until later grades, Later, students learn to determine domains to which an argument
applies. Students at all grades can listen or read the arguments of others, decide whether they malke sense, and ask useful
questions to clarify or improve the arguments.

4 Model with mathematics.

Mathematically proficient students can apply the mathematics they know to solve problems arising in everyday life, society, and
the workplace. In early grades, this might be as siinple as writing an addition equation to describe a situation. In middle grades, a
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stadent might apply proportional reasoning to plan a school event or analyze a problem in the community. By high school, a
student might use geometry to solve a design problem or use a function to describe how one quantity of interest depends on
another. Mathematically proficient students who can apply what they know are comfortable making assumptions and
approximations to simplify a complicated situation, realizing that these may need revision later. They are able to identify
fmportant quazntities in a practical situation and map their relationships using such tools as Jiagrams, 2-by-2 tables, graphs,
flowcharts and formulas. They can analyze those relationships mathematically to draw conclusions. They routinely interpret their
mathematical results in the context of the situation and reflect on whether the resuits make sense, possibly improving the model

if it has not served its purpose.

5 Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a mathematical problem. These tocls might include
pencil and paper, conarete models, ruler, protractor, calculator, spreadsheet, computer algebra system, statistical package, or
dynamic geometry software. Proficient students are suificiently familiar with tools appropriate for their grade or course to make
sound decisions about when each of these tools might be helpful, recognizing both the insight to be gained and their limitaticns.
For exemple, mathematically proficient high school stidents interpret graphs of functions and selutions generated wsing a
graphing calculator. They detect possible errors by strategically using estimation and other mathematical knowledge, When
making mathematical models, they know that technology can enable them to visualize the results of varying assumptions, explore
consequences, and compare predictions with data. Mathematicelly proficient students at various grade levels are able to identify
relevant external mathematical resources, such as digital content located on a website, and use them to pose or solve problems.
They are able to use technological tools to explore and deepen their understanding of concepts.

6 Attend to precision.

Mathematically proficient students try to communicate precisely to others. They try to use clear definitions in discussion with
others and in their own reasoning, They state the meaning of the symbols they choose, are carefud about specifying units of
measure, and labeling axes to clarify the correspondence with quantities in 2 problem. They express numerical answers witha
degree of precision appropriate for the problem context. In the elementery grades, studeuts give carefully formulated
explanations to each other. By the time they reach high school they have learned to examine claims and make explicit use of

definitions.

7 Look for and make use of structure.

Mathematically proficient students Jook closely to discern a pattern or structure. Young students, for example, might netice that
three and seven more is the same amount as seven and three more, or they may sort a collection of shapes according to how many
sides the shapes kave. Later, students will see 7 X 8 equals the well remembered 7 X 5 +7 X 3, in preparation for learning about
the distributive property. In the expression x5 92 ++ 14, older students can see the 14 as 2 X 7 and the 9as 2 + 7. They
recognize the significance of an existing line in a geometric figure and can use the strategy of drawing an auxiliary line for solving
problems. They also can step back for an overview and shift perspective. They can see complicated things, such as some algebraic
expressions, as single objects or as composed of several objects. For example, they can see 5 — 3(x — )" as 5 minus 2 positive
nuwmber times a square and use that to realize that its value cannot be more than 5 for any real numbers x and y.

8 Look for and express regularity in repeated reasoning,

Mathematically proficient students notice if calculations are repeated, and look both for general methods and for shortcuts.
Upper elementary students might notice when dividing 25 by 11 that they are repeating the same calculations over and over
again, and conclude they have a repeating decimal. By paying attention to the calculation of slope as they repeatedly check
whether points are on the line through (1, 2) with slope 3, middle school students might abstract the equation (y— 2)/{x— 1) =
3. Noticing the regularity in the way terms cancel when expanding (r— 1)(x -+ 1), (x— DEt+x+ 1), and = D+ Fx+ 1)
might lead them to the general formila for the sum of a geometric series. As they work to solve a problem, mathematically
proficient students maintain oversight of the process, while attending to the details. They contiranily evaluate the reasonableness
of their intermediate results.
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How to read the grade level standards

Domain Grade 6

Ratios

{1. Understand the concept of a ratio: Two quantities are said to be in a ratio of a to b when for every aunits of the first :
i quantity there ave b units of the second, For example, in a flack of birds, the ratio of mwings to baaks might be 2 1o 1; thisratio is alio |

written 2:1. In grede G, limit fo ratios of whale numbers. ‘\
2. Make tzbles of equivalent ratios relating quantities with whole-number measurerments, find nissing values fn the tables, and
Cluster lot the pairs of values on the coordinate plane, Standard
P P P

3. Solve for an unkmown quantity in 4 problem ivolving two equal ratios.
\ 4. Describe categorical data sets using ratios (e.g., for every vote candidate A received, candidate C received nearly three
votes; the ratio of type O blood donors to type B blood donors was 9:2).
Unit rates
5. Understand that for a ratio a:b, the corresponding nnit rate is /5, If there ave a mits of the first quantity for every b units
of the second, where b3+ 0, then there are a/5 units of the first quantity for 1 unit of the second. For evarpl, if @ recipe has a
ratio of 3 cups of flour to 4 cups of sugar, then there is 3/4 eup of flour for each cup of sugar.

za/:,t:d—:-r.

(7‘*50&1: it rate problems including unit pricing and constant speed, including reasoning with equations suchas d = rxr, r

/

Algebra
symbol

Standards define what students should understand and be able to do. Clusters are groups of related standards.
Note that standards from different clusters may sometimes be closely related, because mathematics is a connected
subject. Domains are larger groups of related standards. For each grade level in Grades K-8, the standards are
organized into four or five domains. Standards from different demains may sometimes be closely related.

Algebra Symbol: Key standards for the development of algebraic thinking in Grades K—5 are indicated by *.

Dotted Underlines; Dotted underlines, for example, decade words, indicate terms that are explained in the
Glossary. In: each grade, underlining is used for the first occurrence of a defined term, but not in subsequent
oCCurrences.

Note on Grade Placement of Topics. What students can learn at any particular grade level depends upon
what they have learned before. Ideally then, each standard in this document might bave been phrased in the form,
“Students who already know A should next come to learn B.” But in the year 2010 this approach is unrealistic—not
least because existing education research cannot specify all such learning pathways. Of necessity therefore, grade
placements for specific topics have been made on the basis of state and international comparisons and the collective
experience and collective professional judgment of educators, researchers and mathematicians. One promise of
common state standards is that over time they will allow research on learning progressions to inform and improve the
design of standards to a much greater extent than is possible today. Learning opportunities will continue to vary
across schools and school systems, and educators should make every effort to meet the needs of individual students
based on their current understanding.

Note on Ordering of Topics within a Grade. These standards do not dictate curricnhmn. In particular, just
because topic A appears before topic B in the standards for a given grade, it does not necessarily mean that topic A
must be taught before topic B. A teacher might prefer to teach topic B hefore topic A, or might choose to highlight
connections by teaching topic A and topic B at the same time. Or, a teacher might prefer to teach a topic of his or her
own choosing that leads, as a byproduct, to students reaching the standards for topics A and B.

Commeon Core Si‘;teistandards | Mathematics 6




Overview of the Mathematics Standards

Grades K-

5

This table shows the domains and clusiers in each grade K-5

K 1 2 3 4 5
+ Number names
+ Counting to tell
Number— the number of
Counting and objects
Cardinality » Comparing and
ordering
numbers
+ Composing and | = Addition and + Addition and « Multiplication and| s Multiplication
decomposing subtraction subtraction division and Division
Number— numbers; = Describing s Describing + Describing = Problem solving
Operaticns and;  addition and situetions and situations and situations and with the four
the Problems subtraction solving problems | solving problems| solving problems | operations
They Solve with addition and] with addition and| with
subtraction subtraction multiplication and
division
» Two-digit « Numbersupto |« Numbersupto [« Numbersup to |e Numbersupto |+ Whole numbers
numbers 100 1000 10,000 100,000 in base ten
» Composing and | » Adding and a Adding and = Adding and » Multiplying and. |« Decimal
Number— decompesing ten| subtracting in subtracting in subfracting in base)  dividing in base concepts
Base Ten base ten base ten ten ten = Operations on
« Multiplying and decimals
dividing in base
ten
» Fractions as s Gperations on | e Fraction
Number— representations of| fractions equivalence
Fractions numbers « Decimal concepts| » Operations on
» Fractional fractions
quantities
« Direct + Length * Length « The number line !s The number line |« Units of measure
measurement measurement measurement and units of and units of « Volume
« Representing and] « Time + Time and money| measure measure - Representing and}
Measurement interpreting data { measurement = Representing and] » Perimeter and « Perimeter and interpreting data
and Data . %{epresenﬁtmg and] interpreting data| ares _ area
interpreting data s Representing and | » Angle
interpreting data measurement
= Representing and
interpreting data
* Shapes, their o Shapes, their » Shapes, their ¢ Properties of 2- | Lines and angles |+ Coordinates
attributes, and |- atiributes, and attributes, and dimensional = Line symmetry | = Plane figures
Geometry spatial reasoning | spatial reasoning |  spatial reasoning | shapes ’
» Structuring
rectangular shapes
Common Core State Standards | Mathematics 7



Overview of the Mathematics Standards

Grades 6-8

This table shows the domains and clusters in each grade 6-8.

numbers

o The system of real numbers

Grade
6 7 g
Ratios qn d + Ratios = Analyzing proportional
Proportional o Unit rates relationships
Relationships « Percent
The Numbet e Operations < The system of rational » The system of real numbers
System s The system of rational numbers

Expressions and

» Expressions
» Quantitative relationships and

« Expressions
+ Quantitative relationships and

» Slopes of lines in the

coordinate plane

Equations the algebraic approach to the algebraic approach to + Linear equations and systems
problems solving problems
] » Function concepts
Functions « Functional relationships
between quentities
« Properties of area, surface e Congruence and similarity = Congruence and similarity
Geometry area, and volume * Angles « The Pythagorean Theorem

# Plane and solid geometry

Statistics and
Probability

» Variability and measures of
center

* Summarizing and describing
distributions

» Situations involving
randomness

= Random sampling to draw
inferences about a population

» Comparative inferences about
two populations

« Patterns of association in
bivariate data
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Mathematics | Kindergarten

In Kindergarten, instructional tire should focus on two eritical areas: (1) representing, comparing and ordering
whole numbers and joining and separating sets; (2) describing shapes and space. More learning time in Kindergarten
should be devoted to mumber. than to other topics.

* (1) Students use numbers, including written numerals, to represent quantities and to solve quantitative problems,
such as counting objects in-a set; creating a set with a given number of objects; comparing and ordering sets or
numerals; and modeling simple joining and separating situations with objects. They choose, combine, and apply
effective strategies for answering quantitative questions, including quickly recognizing the cardinalities of small sets of
objects, counting and producing sets of given sizes, counting the number of objects in combined sets, or counting the
number of objects that remain in a set after some are taken away. _

(2) Students describe their physical world using geometricideas (e.g., shape, orientation, spatial relaﬁoﬁs) and
vocebulary. They identify, name, and describe basic shapes, such as squares, triangles, dircles, rectangles, (regular)
hexagons, and (isosceles) trapezoids, presented in a variety of ways (c.g., with different sizes or orientations), as well
as three-dimensional shapes such as spheres, cubes, and cylinders. They use basic shapes and spatial reasoping to

model objects in their environment and fo construct more complex shapes.

Commeon Core Siate Standards | Mathematics | Kindergaren 9




Number—Counting and Cardinality KNCC

Number names
1. Say the number name sequence to 100,

2. Krow the decade words to ninety and recite themn in order (“ten, twenty, thirty, ...”).

3. Say the number name sequence forward or backward beginning from a given number within the known sequence (instead
of always beginning at 1),

4. Write numbers from 1 to 20 in base-ten notation.
Counting to tell the number of objects

5. Count to answer “how many?” questions about as many as 20 things. Objects may be arranged in a line, a rectangular array, a
cirele, or a scatrered configuration.

6. Understand that when counting objects,
a. The number names are said in the standard order.
b. Each object is paired with one and only one number name.
c. The last number name said tells the number of objects counted.
7. Understand that when counting forward, each successive number name refers to a quantity that js 1 larger.
Comparing and ordering numbers

8. Identify whether the number of objects in one group is greater than, less than, or equal to the number of objects in another
group, e.g., by using matching and counting strategies. /nclude groups with up to ten vbjects.

9. Compare and put in order numbers between 1 and 10 presented in written symbols: 1, 2, 3,4, 5, 6,7, 8, 9, 10.

Number—Cperations and the Problems They Sclve K-NOP

Composing and decomposing numbers; addition and subtraction
1. Understand addition as putting together——e.g., finding the number of objects in a group formed by putting two groups
together. Understand subtraction as taking apart—e.g., finding the number of objects left when a one group is taken from
another.
2. Represent addition and subtraction with objects, fingers, mental images, drawings, sounds (e.g., claps), acting out
situations, verbal explanations, expressions, or equations. Note that drawings need not show devails, but should show the

matkematics in the problem. (This note alsa applies wherever drawings are mentioned in subsequent standards.)

3. ':'Decompose numbers less than or equal to 10 into pairs in varicus ways, e.g., using objects or drawings, and record each
decomposition by a drawing or equation (e.g., 5 = 2 + 3). Compose numbers whose suwm is less than or equal to 10, e.g.,
using objects or drawings, and record each composition by a drawing or equation (e.g., 3 + 1= H.%

4. Compose and decompose numbers less than or equai to 10 in two different ways, and record compositions and
decomposit‘i ons by drawings or equations. Fer example, 7 might be composed or decomposed in two different ways by a dra wing
showing how a group of 2 and a group of 5 tegether make the same number as do a group of 3 and a group of 4.

5. *{nderstand that addition and subraction are related. For example, when a group of 9 s decomposed into a group gf G and a group
of 3, thismeansnot enly 9 = 6 + Jbutalo 9 —3 = 6and $—6 = 3.

drawings to represent the problem.

7. Fluently add and subtract, for sums and minuends of § or less,

Number—Base Ten K-NBT

Two-digit numbers
1. Understand that 10 can be thought of as a bundle of ones——a unit called a “ten.”
2. Understand thata teen number is composed of a ten and one, two, thrée, four, five, six, seven, eight, or nine ones.

3. Compose and decompose teen numbers into a ten and some ones, e.g., by using objects or drawings, and record the
cormpositions and decompositions in base-ten notation. For example, 10+ 8 = 18 and 14 =10 + 4,

4. Put in order numbers presented in base-ten notation from 1 to 20 {inclusive), and be able to explain the reasoning.

6. Understand that the two digits of a two-digit number represent amounts of tens and ones. In 29, for example, the 2 represents

two tens and tf)e 9 I‘EPTGSEHIS nine ones.
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Composing and decomposing ten

7. Decompose 10 into pairs of numbers, e.g., by using objects or drawings, and record each decemposition witha drawing or
equation.
8. Compose numbers to make 10, e.g., by using cbjects or drawings, and record each compo;sition with a drawing or
equation.
9. *For any number from 1 to 8, find the number that makes 10 when added to the given number, e.g., by using objects or
drawings, and record the answer with a drawing or equation.
Measurement and Data K-MD
Direct measurement
i. Understand that objects have measurable attributes, such as length or weight. A single object might have several
measurable attributes of interest.
2. Directly compare two objects with a measurable atiribute in commaon, to see whick object has “more of” the attribute, For

example, directly compare the heights of two books and identify which book is taller.

Representing and interpreting data

3. Classify objects or people inte given categories; count the numbers in each category and sort the categories by count. Limit
category counts ro be less than or equal to 10, :
Geometry ’ K-G

Shapes, their attributes, and spatial reasoning

1.

Describe objects in the environment using names of shapes, and describe the relative positions of these ohjects using terms
such as above, below, beside, in front of, behind, and next 0.

Understand that names of shapes apply regardless of the orientation or overall size of the shape. For example, a square in any
orientation is still a square. Students may initially need to physically rotate a shape wnzil it is “level” before they can correctly name ir.
Understand that shapes can be two-dimensional {lying in a plane, “fla®) or three-dimensional {“solid”).

Understand that shapes can be seen as having parts, such as sides and vertices (“corners”), and that shapes can be put
together to compose other shapes.

Analyze and compare a variety of two- and three-dimensional shapes, in different sizes and orientations, using informal
language to describe their similarities, differences, component parts (e. g., munber of sides and vertices) and other
atiributes (e.g., having sides of equal length).

Combine two- or three-dimensional shapes to solve probiems such as deciding which puzzle piece will fit into a place in a

puzzle.
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Mathematics | Grade 1

In Grade 1, instructional time should focus on four aritical areas: (1) develeping understanding of addition,
relationships, including grouping in tens and ones, (3) developing understanding of linear measurement and
measuring lengths, and (4) composing and decomposing geometric shapes.

(1) Students develop strategies for adding and subiracting whole numbers based on their prior work with small
numbers. They use a variety of models, including discrete objects and length-based models (e.g., cubes connected to
form lengths), to model “put together /take apart,” “add to,” “take from,” and “compare” situations to develop
meaning for the operations of addition and subtraction, and to develop strategies to solve arithmetic problems with
these operations. Students understand connections between counting and addition and subtraction (i.e., adding two is
the same as counting on two). They use properties of addition (commutativity and associativity) to add whole
numbers and to create and use increasingly sophisticated strategies based on these properties (e.g., “making tens”) to
solve addition and subtraction problems within 20. By comparing a variety of solution strategics, children build their
understanding of the inverse relationship between addition and subtraction.

(2) Students compare and order whole numbers (at least to 100), to develop understanding of and sclve problems
involving their relative sizes. They think of whole munbers between 10 and 100 in terms of tens and ones (especially
recognizing the numbers 11 to 19 as composed of a ten and some ones). They understand the sequential order of the
counting numbers and their relative magnitudes through activities such as representing numbers on paths of
numbered things.

(3) Students develop an understanding of the meaning and processes of measurement, including underlying
concepts such as partitioning (the mental activity of decomposing the length of an object into equal-sized units) and
transitivity (e.g., in terms of length, if object A is longer than object B and object B is longer than object C, then
object A is longer than object C). They understand Linear measure as an iteration of units, and use rulers and other
measurement tools with that understanding.

(4) Students compose and decompose plane and solid figures (e.g., put two congruent isosceles triangles together
to make a rhombus), building understanding of part-whole relationships as well as the properties of the original and
composite shapes. As they combine solid and plane figures, they recognize them from different perspectives and
orientations, describe their geometric attributes, and determine how they are alike and different, to develop the
background for measurement and for initial understandings of properties such as congruence and symmetry.

Common Core State Standards | Mathematics | Grade 1 12



Number—Operations and the Problems They Solve 1-NOP

Addition and subtraction

i.

2.

*Understand the properties of addition.

a. Addition is commutative. For example, if 3 cups are added to a stack of § cups, then the total number of cups is the same as when

& cups are added to a stack of 3 cups; thaiis, § +3 =3 + 8.
b. Addition is assogiative. For example, 4 + 3 + 2 can be found by first adding 4 + 3 = 7 then adding 7 + 2 =9, or by first
adding 3 + 2 = 5 then adding 4 + 5 = 9.
c. { is the additive identity.
':‘Explain end justify properties of addition and subtraction, e.g., by using representations such as objects, drawings, and
story centexts. Explain what happens when:
a. The order of addends in a sumn is changed in a sum with two addends.
b. 0isadded to a number.
c. A number is subtracted from itself.

d. One addend in & sum is increased by 1 and the other addend is decreased by 1. Limit to two addends.

*Understand that addition and subtraction bave an inverse relationship. Fer example, if 8 + 2 = 10 is kaown, then 10—2 =8
and 10 — § = 2 are also known. _ . ]

“Urderstand that when all but one of three muchers in an addition or subtraction equation are known, the unknown
number can be found. Limit te cases where the unknown number it a whole number.

Understand that addition can be recorded by an expression (e.g., 6 T 3), or by an equation that shows the sum (e.g., 6+ 3

= 9). Likewise, subtraction can be recorded by an expression (e.g., % — 5}, or by an equation that shows the difference
(e.g, 9—5=4).

Describing situations and solving problems with addition and subtraction

6. Understand that addition and subtraction apply to sitnations of adding-to, taking-from, putting together, taking apart, and
comparing. See Glossary, Table 1.

7. *Solve word problems involving addition and subtraction within 20, e.g., by using objects, drawings and equaticns to
represent the problem, Studenss should werk with all of the addition and subtraction situations shown in the Glossary, Table 1, solving
problems with unknowns in all pesitiens, and representing these situations with equarions that nse a symbol for the unknown (e.g., o
question mark or @ small square). Grade 1 students need not master the more difficult problem types.

8. Solve word problems involving addition of three whole numbers whose sum is less than or equal to 20.

Number—Base Ten : 1-NBT

Numbers up to 100

1.
2.
3.

Read and write numbers to 100.
Starting at any number, count to 100 or beyond.

Understand that when comparing two-digit numbers, if one number has more tens, it is greater; if the amount of tens is the
same in each number, then the number with more ones is greater.

Compare and order two-digit numbers based on meanings of the tens and ones digits, using > and < symbols to record the
results of comparisons.

Adding and subtracting in base ten

5.

6.
7.

3.
S.

Calculate mentally, additions and subtractions within 20.

decomposing a number (for example, 17-9=17-7-2 = 10—~ 2 = §).

a. Use sirategies that include gounting on; making ten (for example, 7+ 6 =7+ 3 +3 = 10 -+ 3 = 13); and

Demonstrate fluency in addition and subtrection within 10.

Uaderstand thet in adding or subtracting two-digit numbers, one adds ox subtracts like units (tens and tens, ones and ones)
and sometimes it is necessary to compose or decompose a higher value unit,

Given a two-digit nwnber, mentelly find 10 more or 10 less than the mumber, without baving to count.

Add one-digit numbers to two-digit numbers, and add multiples of 10 to one-digit and two-digit numbers.

10. Explain addition of two-digit numbers using concrete models or drawings to show composition of a ten or 2 hundred.

11.

*Add two- digit numbers to two-digit numbers using strategies based on place value, properties of operations, and/or the
inverse relationship between addition and subtraction; explain the reasoning used.
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Measurement and Data 14D

Length measurement

. Order three objects by length; compare the length of two objects indirectly by using a third object.

2. :—-@I_n_dershmd that the length of an object can be expressed numericaily by using another objectas a length unit {suchasa
‘paper-clip, yardstick, or inch length on a ruler). The object to be measured is partitioned into as many equal parts as
possible with the same length as the length unit, The length measurement of the object is the number of length units that
span it with no gaps or overlaps. For example, I can put four paperclips end to end along the pencil, so the pencil s  four paperclips
long.”

3. Measure the length of an object by using another abject as a length unit.

Time measurement

4. Tell time from anafog clocks in hours and half- or quarter-hours,

Representing and interpreting data
5. Organize, vepresent, and interpret deta with several categories; ask and answer questions about the total munber of data
points, how many in each category, and how many more or less are in one category than in another.

Geometry . 4G

Shapes, their attributes, and spatial reasoning

1. Distinguish between defining attributes (e.g., triangles are closed and three-sided) versus non-defining attributes (e.g.,
color, orientation, overall size) for a wide variety of shapes.

2. Understand that shapes can be joined together (composed) to form a larger shape or teken apart (decomposed) into a
collection of smaller shapes. Composing multiple copies of some shapes creates tilings. In this grade, "cireles,” “rectangles,” and
other shapes include their interiors as well as their boundaries.

3. Compose two-dimensional shapes to create a unit, using cutouts of rectangles, squares, triangles, half-circles, and quarter-
circles. Form new shapes by repeating the unit.

4. Compose three-dimensionat shapes to create a unit, using concrete models of cubes, right rectangular prisms, right circular
cones, and right circular cylinders. Form new shapes by repeating the unit. Students do nor need to learn formal names such as
“right rectangular prism.”

5. Decompose circles and rectangles inte two and four equel parts. Describe the parts using the words halves, fourths, and
quarters, and using the phrases half of, fourth of, and quarter of. Describe the whole as two of, or four of the parts.
Usderstand that decomposing into more equal shares creates smaller shares.

6. Decompose two-dimensional shapes into rectangles, squares, triangles, half-circles, and quarter-circles, including
decompositions into equal shares.
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Mathematics | Grade 2

In Grade 2, instructional time should focus on three critical areas: (1) developing understanding of base-ten
subtraction; and (3) describing and analyzing shapes.

(1) Students develop an understanding of the base-ten system (at least to 1000). Their understanding of the base-
ten system includes ideas of counting in units (twos, fives, and tens) and multiples of hundreds, tens, and ones, as
well as number relationships, including comparing and ordering. They understand multi-digit numbers {up to 1000)
written in base-ten notation, recognizing that the digits in each place represent thousands, hundreds, tens, or cnes
{e.g., 853 is 8 hundreds + 5 tens + 3 ones). :

They solve arithmetic problems by applying their understanding of ieodels for addition and subtraction (such as
combining or separating sets or using number lines that begin with zero), relationships and properties of numbers,
and properties of addition. They develop, discuss, and use efficient, accurate, and generalizable methods to compute
sums and differences of two-digit whole numbers. They select and accurately apply methods that are appropriate for
the context and the numbers involved to mentally calculate sums and differences. They develop fluency with efficient
procedures, including standard algorithms, for adding and subtracting whole numbers; understand and explain why
the procedures work based on their understanding of base-ten notation and properties of operations; and use them to
solve problems.

(3) Students describe and analyze shapes by examining their sides and angles. Students investigate, describe, and
reason about decomposing and combining shapes to make other shapes. Through building, drawing, and analyzing
two- and three-dimensional shapes, students develop a foundation for understanding attributes of two- and three-
dimensional space such as area and volume, and properties such as congruence and symmetry that they will learn
about in later grades. '
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Number—QOperations and the Probiems They Solve 2-NOP

Addition and subtraction
i. ':'Explain and justify properties of addition and subtraction, e.g., by using representations such as objects, drawings, and
story contexts. Inchide properties such as:
a. Changing the order of addends does not change their sum.
b. Subtracting one addend from a sum of two numbers results in the other addend.

If more is subtracted from a nummber, the difference is decreased, and if less is subtracted the difference is increased.

o

=9

In an addition equaticn, each addend can be decomposed and the parts can be recombined in any order without
changing the sum. For example, 5 + 3 = &. Because 5 decomposes as 4 + 1, the first addend can be replaced by 4 + 1, plelding
(4 + 1) + 3 = 8. Recombining in two different orders: 4 + 4 = 8, alse 7 + 1 = 8.

Describing situations and solving problems with addition and subtraction

2. “*Solve word problems involving addition and subtraction within 100, ¢.g., by using drawings or equations to represent the
problem. Students should work with all of the addition and subtraction situations showm in the Glossary, Table 1, solving problems with
unknown sums, addends, differences, minuends, and subtrahends, and representing these situations with equations that use a symbol for the

unknown (e.g., a question mark or a small squaze). Focus on the more difficult problem cypes.

3. Solve two-step word problems involving addition and subtraction within 100, e.g., by using drawings or equations to

represent the problem,

Number—Base Ten 2-NBT

Numbers up to 1000

1. Understand that 100 can be thought of as a bundle of tens-—a unit called a “hundred.”

2. Read and write numbers to 1000 using base-ten notation, number names, and expanded form.
3. Count within 1000; skip count by 2s, §s, 10, and 100s.
4

. Understand that when comparing three-digit numbers, if one number has more hundreds, it is greater; if the amount of
hundreds is the same in each number, then the number with inore tens is greater. If the amount of tens and hundreds is the
same in each number, then the number with more ones is greater.

5. Compare and order three-digit mimbers based on meanings of the hundreds, tens, and ones digits.

Adding and subtracting in base ten
6. Fluently add and subtract within 2G. By end of Grade 2, know from memory sums of one—dlglt numbers.

7. Mentally compute sums and differences of multiples of 10. For example, mentally calculate 130 — 80,

8. Understand that in adding or subtracting three-digit numbers, one adds or subiracts like units (hundreds and hundreds,
tens and tens, ones and ones) and sometimes it is necessary to compaose or decompose a higher value unit,

9. Given a number from 100 to 900, mentally find 10 more or 10 less than the number, and mentally find 100 more or 100
Tess than the number, without counting,

10. Understand that algorithns are predefined steps that give the correct result in every case, while strategies are purposeful
manipulations that may be chosen for specific problems, may not have a fixed order, and may be aimed at converting one
problem into another. For example, one might mentally compute 503 — 398 as follows: 398 -+ 2 = 400, 400 + 100 = 500, 500 +
3 == 503, so the answer is 2 + 100 + 3, or 105.

1. * Compute sums and differences of one-, two-, and three-digit numbers using strategies based on place value, properties of
operations, and/or the inverse relationship between addition and subtraction; explain the ressoning used.

12,7 Ex-plam why addition and subtraction strategies and algorithms work, using place value and the properties of operations

Include explanations supparted by drawings or objects, A range of reasonably efficient algorithms may be covered, not only the szandard
algorithm,

13. Compute sums of two three-digit mumbers, and compute sums of three or four two-digit aumbers, using the standard
algorithm; compute differences of two three-digit numbers using the standard algorithm.

Measurement and Data . 2-MD

Length measurement
1. Understand that 1inch, I foot, 1 centimeter, and 1 meter are conventionally defined lengths used as standard units.
2. Measure lengths using measurement tools such as rulers, yardsticks and measuring tapes; understand that these tools are

used to find out how many standard length units span an object with no gaps or overlaps, when the 0 mark of the tool is
aligned with an end of the chject.
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3. Understand that when measuring a length, if a smaller unit is used, mere copies of that unit are needed to measure the
length than wwould be necessary if a larger unit were used.

4. Understand that units can be decomposed into smaller units, e.g., 1 foot can be decomposed into 12 inches and f meter
can be decomnposed into 100 centimeters. A small number of long units might compose a greater length than a large
number of small units.

5. Understand that lengths can be compared by placing objects side by side, with one end lined vp. The difference in lengths is
how far the longer extends beyond the end of the shorter.

6. Understand that a sum of two whole numbers can represent a combination of two lengths; a difference of two whole
numbers can represent a difference in length; find total lengths and differences in lengths using addition and subtraction.

Time and money
7. Find time intervals between hours in one day.
8. Solve word problems involving dollar bills, quarters, dimes, nickels and pennies. Do not include dollars and cenzs in the same
problem.
Representing and interpreting data

9. Generate measureraent data by measuring whole-unit lengths of several cbjects, or by making repeated measurements of
the same object. Show the measurements by making a dot plot, where the horizontal scale is marked off in whole-number

units.

10. Draw a picture graph and a bar graph (with single-unit scale} to represent a data set with several categories. Connect
representztions on bar graph scales, rulers, and number lines that begin with zero. Solve simple Put Together/Teke Apart

and Compare problems using information presented in a bar graph. See Glossary, Table 1.

Geometry 2G

Shapes, their attributes, and spatial reasoning

1. Understand that different categories of shapes (e.g., rhombuses, trapezoids, rectangles, and others) can be united into a
larger category (e.g., quadrilaterals) on the basis of shared attributes (e.g., having four straight sides).

2. Identify and name polygons of up to six sides by the number of their sides or angles.

3. Recognize rectangles, thombuses, squares and trapezoids as examples of quadrilaterals; draw examples of quadrilaterals
that do not belong to any of these subcategories.

4. Draw and identify shapes that have specific attributes, such as number of equal sides or number of equal angles, Sizes of
lengths and angles are compared directly or visually, not compared by measuring.

5. Recognize objects as resembling spheres, right circular cylinders, and right rectangular prisis. Students do not need to learn
formal names such as “right rectangular prism.”

6. Decompese circular and rectangular objects into two, three, or four equal parts. Describe the parts using the words halves,
thirds, half of, a third of, etc.; describe the wholes as two halves, three thirds, four fourths. Recogrize that a half, a third, or
a fourth of a circular or rectanguler object—a graham cracker, for example—is the same size regardless of its shape.
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Mathematics | Grade 3

In Grade 3, instructional time should focus on four critical areas: (1) developing understanding of multiplication
and division and strategies for multiplication and division within 100; (2) developing understanding of fractions,
starting with unit fractions; (3) developing understanding of the structure of rectangular arrays and of area; and (4)
desaribing and analyzing two-dimensional shapes. Multiplication, dlwszon and fractions are the most important
developments in Grade 3.

(1) Students develop an understanding of the meanings of mulﬁp_}ication and division of whole numbers through the
use of representations such as equal-sized groups, arrays, area models, and egual jumps on number lines for
multiplication; and successive subtraction, partitioning, and sharing for division. Through this process, numbers
thernselves take on new meaning and are no longer only counters for single objects. They represent groups, a number
of groups (for example, 3 teams of 6 people), or a comparative factor (3 times as long).

Students use properties of operations to calculate products of whole numbers. They use increasingly sophisticated
strategies based on these properties to solve multiplication and division problems involving single-digit factors. By
comparing a variety of solution strategies, students learn the inverse relationship between multipiication and division.

(2) Students develop an understanding of a definition of a fraction, beginning with unit fractions. They use fractions
to represent parts ofa whole or distances on a number line that begins with zero. Students understand that the size of
a fractional part is relative to the size of the whole (for example, % of a mile is loager than % of a foot, even though
Y4 < %), and they are able to use fractions to represent numbers equal to, less than, and greater than one. They solve
problems that involve comparing and ordering fractions using by models or strategies based on noticing commen
numerators or denominators.

(3) Students recognize area as an attribute of two-dimensional regions. They understand that area ean be quantified
by finding the total number of same-size units of avea required to cover the shape without gaps or averlaps. They
understand that a 1-unit by 1-unit square is the standard unit for measuring avea. Students understand that rectangular
arrays can be decomposed into identical rows or into identical columns. By decomposing rectangles into rectangular
arrays of squares, students connect arca measure to the area model used to represent multiplication, and they use this
connection to justify using multiplication to determine the area of rectangle. Students contrast area with perimeter.

(4) Students describe, analyze, and compare properties of two-dimensional shapes. They compare and classify the
shapes by their sides and angles, and connect these with definitions of shapes. Students investigate, describe, and
reason about decomposing and combining polygens to make other polygons. Through building, drawing, and
analyzing two-dimensional shapes, students deepen their understanding of atiributes and properties of two-

dimensional objects.
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Number—Cperations and the Problems They Solve 3.NOP

Multiplication and division
1. Understand that multiplication of whole numbers is repeated addition, For example, 5 x 7 means 7 added to itself' 5 times.
Products can be represented by rectangular arrays, with one factor the number of rows and the other the number of columns.
2. "Understand the properties of multiplication.

a. Multiplication is commutative. For example, the total number in 3 groups with 6 things each is the same as the total number in

=24, or by first calculating 3 x 2 = 6 then calculating 4 % 6 = 24.
c. 1isthe multiplicative identity.
d. Multiplication distributes over addition: (the distributive property). For mample, 5 X {3+ 4) = (5 x 3) + (5 x 4).

3. ':'Explain and justify properties of multiplication and division, €.g., by using representations such as objects, drawings, and
story contexts. Include properties such as:
a. Changing the order of two factors does not change their product.
b. The product of a number and 1 is the number.

Dividing 2 nonzero number by itself yields 1.

n

P

Multiplying a quantity by a nonzero number, then dividing by the same number, yiclds the original quantity.

e. When one factor in a product is multiplied by a number and another factor divided by the same number, the product
is unchanged. Limit to multiplying and dividing by numbers that result in whole-number quotients.

f. Products where one factor is a one-digit number can be computed by decomposing ene factor as the sum of two
numbers, multiplying each number by the other factor, and adding the two products.

4. *Understand that multiplication and division have an inverse relationship. For example, if 5 % 7 = 35 is known, then 35+ 5 =
7 and 35+ 7 =5 are also known. The division 35 + 5 means the number which yields 35 when multiplied by 5; because 5 x 7 = 35,
then35+5=7. )

5. "Understand that when all but one of three numbers in a multiplication or division equation are Jmown, the unknown

number can be found. Limit to cases where the unknown number is a whole number.
Pescribing situations and solving probléms with multiplication and division

6. Understand that multiplication and division apply to situations with equal groups, arrays or area, and comparing. See
Glossary, Table 2.

7. *Solve word problems involving multiplication and division within 100, using an equation with a symbol for the unknown
to represent the problem. This standuard is limited to problems with whole-number quantities and whole-mumber quotients. Focus on
situations described in the Glessary, Table 2. '

2. TSolve one- or two-step word problems involving the four operations. This standard is limited to problems with whole-number
quantities and whole-number quotients.

9. Understand that multiplication and divisicn can be used to compare quantities (see Glossary, Table 2); solve multiplicative
comparison problems with whole numbers {problems involving the notion of “times as much”).

Number—Base Ten 3BT

Numbers up to 10,000
1. Understand that 1000 can be thought of as 2 bundle of hundreds—a unit called a “thousand.”

2.
3. Count within 10,0005 skip count by 10s, 100s and 1000s,
4

. Understand that when comparing four-digit numbers, if one numaber has more thousands, itis greater; if the amount of
thousands is the same in each number, then the number with more hundreds is greater; and so on. Compare and order

four-digit nurnbers based on meanings of the digits.

Adding and subtracting in base ten
5. Mentally calculate sums and differences of multiples of 10, 100, and 10C0. For example, mentally calculate 1300 - 800

6. Given a number from 1000 to 9000, mentally find 100 more or 100 less than the number, and mentally find 1000 more or
1000 Iess than the number, without counting.

Multiplying and dividing in base ten
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7. “Understand thet the distributive property is at the heart of strategies and algorithms for multiplication and division

computations with numbers in base-ten notation; use the distributive property. and other propertics of operations to
explain patterns in the multiplication table and to derive new multiplication and division equations from known ones. For
xample, the distributive property makes it possible to multiply 4 x 7 by decompostng 7 as 5 + 2 and using 4= 7 = 4x (5 + 2) =
(4% 5) +(4x2) = 20+38 = 28.

8. Fluently multipi} one-digit numbers by 10,

9. Use a variety of strategies for multiplication and divisicn within 100. By end of Grade 3, know from memory products of

one-digit numbers where one of the factors is 2, 3, 4, or 5.

Number—Fractions INF

Fractions as representations of numbers

1. Understand that a unit fraction corresponds to a point on 2 number line. For example, 1/3 represents the point obtained by

decomposing the jntﬁrmlﬁnm 0 to 1 into three equal parts and taking the right-hand endpéinr gf:beﬁrst part. In Grade 3, all number

lines begin with zere.

2. Understand that fractions are built from unit fractions. For example, 5/4 represents the point en a number line obtained by marking
off five lengths of % to the right of 0.

3. Understand that two fractions are equivalent-(represent the same number) when both fractions correspond to the same
point on a number line. Recognize and generate equivalent fractions with denominators 2, 3, 4, and 6 (e.g., ly2=2/4 %76
=2/3), and exphin the reasoning,

4, Understand that whole nusmbers can be expressed as fractions. Three important cases are Wlnstrazed by the examples 1 == 4/4, 6
=6/1, and 7 = (4 x 7)/4. Expressing whole numbers as fractions can be usgful for solving problems or making calculations.
Fractional quantities

5. Understand that fractions apply to situations where 2 whole is decompesed into equal parts; use fractions to describe parts
of wholes. For example, to show 1/3 of a length, decompose the length into 3 equal parss and show one of the parts.

6. Compare and order fractional quantities with equal numerators or equal denominators, using the fractions themselves, tape

Measurement and Data 3MD

The number line and units of measure

1. Understand that a mumber line has an origin (0) and a wnit (1), with whole mumbers one unit distance apart. Use number
lines to represent problems involving distances, elapsed time, amounts of money and other quantities. In such problems, the

interval from O to 1 may represent a unit of distance, time, Toney, e,

2. Understand that 2 unit of measure can be decomposed into equal-sized parts, whose sizes can be represented as fractions of
the unit. Convert measurexments in one unit to measurements in a smailer or a larger unit, and solve problems involving
such mixed units (e.g., feet and inches, weeks and days).

Perimeter and area

3. Understand and use concepts of area measurement,

a. A square with side length 1 unit, called “a unit square,” is said to have “one square unit” of area, and can be used to
IReasure area.

b. A plane figure which can be covered without gaps or overlaps by n unit squares has an area of n square units. Areas of
some other figures can be measured by using fractions of unit squares or using figures whose areas have been found by
decomposing other figures.

¢, When measuring an area, if a smaller unit of measurement is used, more units must be iterated to measure the area in
those units.

d. Determine and compare areas by counting square units. Use em?, m%, i, ftz, and fmprovised amits.
4. Understand that multiplication of whele numbers can be represented by area models; a rectangular region that is a length

ugits by b length units (where a and b are whole numbers) and tiled with unit squares illustrates why the rectangle encloses
an area of & x b square units. ’

5. Solve problems involving perimeters of polygons.
2. Add given side lengths, and multiply for the case of equal side lengths,
b. *Find an unknown length of a side in a polygon given the perimeter and all other side lengths; represent these

problems with equations involving a letter for the unknown quantity.

c. Exhibit rectangles with the same perimeter and different area, and with the same area and different perimeter.
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Representing and interpreting data

Draw a scaled picture graph and a scaled bar graph to represent a data set with several categories. Solve one- and two-step

6.
“how many more” and “how many less” problems using informatien presented in scaled bar graphs. mclude single-unit scales
and multiple-unit scales; for example, each squore in the bar graph might represent I per, 5 pets, or 10 pets.
7. Generate measurement data by measuring lengths using rulers marked with halves and fourths of an inch. Show the data by
making a 4ot plat, where the horizontal scale is marked off in appropriate units—whole numbers, halves, or quarters.
Geometry 3G

Properties of 2-dimensional shapes

1.

Understand that a given category of i)lane figures (e.g., triangles) has subcategories (e.g., isosceles triangles) defined by
special properties.

Describe, analyze, compare and classify two-dimensional shapes by their properties and connect these properties to the
classification of shapes into categories and subcategories (e.g., squares are “special rectangles” as well as “special

rhombuses™}. Focus on triangles and quadrilaterals.

Structuring rectangular shapes

3.
4,

Understand that rectangular regions can be tiled with squares in rows and columns, or decomposed into such arrays.
Structure a rectangular region spatially by decomposing it into rows and columns of squares. Determine the number of
squares in the region using that spatial structure (e.g., by multiplication or skip counting}. '

Understand that shapes can be decomposed foto parts with equal areas; the area of each part is a unit fraction of the whole.
For example, when a shape is parsitioned into 4 pares with equal area, the area of each part is ¥ of the area of the shape.
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Mathematics | Grade 4

In Grade 4, instructional time should focus on four critical aveas: (1) continuing to develop understanding and ar
fluency with whole number multiplication, and developing understanding of multi-digit whole number division; (2) €
developing an understanding of addition and subtraction of fractions with like denominators, multiplication of O\J er JicAn

fractons by whole numbers, and division of whole numbers with fractional answers; (3) developing an understanding
of area; and (4) understanding that geometric figures can be analyzed and classified using properties such as having
parallel sides, perpendicular sides, particular angle measures, and symmetry,

(1} Students use understandings of multiplication to develop fluency with multiplication and division within 100.
They apply their understanding of models for multiplication (equal-sized groups, arrays, arca models, equal intervals
on a number line), place value, and properties of operations, in particular the distributive property, as they develop,
discuss, and use efficient, accurate, and generalizable methods to compute products of multi-digit whole numbers.
Depending on the numbers and the context, they select and accurately apply appropriate methods to estimate
products or mentally calculate products. They develop fluency with efficient procedures, including the standard
algorithm, for multiplying whole numbers; understand and explain why the procedures work based on place value
and properties of operations; and use them to solve problems. Students apply their understanding of models for
division, place value, properties of operations, and the relationship of division to multiplication as they develop,
discuss, and use efficient, accurate, and generalizable procedures to find quotients mvolving multi-digit dividends.
They select and accurately app}_y appropriate methods to estimate quotients and mentally calculate quotients,
depending upon the context and the numbers involved.

(2) Students develop understanding of operations with fractions. They apply their understandings of fractions as
built from unit fractions, and use fraction models to represent the addition and subtraction of fractions with like
denominators. Students use the meaning of fractions and the meaning of multiplication to understand and explain
why the procedure for multiplying a fraction by a whole number makes sense. They understand and explain the
connection between division and fractions.

(3) Students develop their understanding of area. They understand and apply the area formula for rectangles and
also find areas of shapes that can be decomposed into rectangles. They select appropriate units, strategies (e. 2
decomposing shapes), and toals for solving problems that involve estimating and measuring area.

(4) Students describe, analyze, compare, and classify two-dimensional shapes. Through building, drawing, and
analyzing two-dimensional shapes, students deepen their understanding of properties of two-dimensional objects and
the use of them to solve problems involving symmetry.

Commen Core State Standards | Mathematics | Grade 4 22



Number—Cperations and the Problems They Solve 4NOP

Multiplication and division
L. Find the factor pairs for a given whole number less than or equat to 100; recognize prime numbers as numbers greater than
1 with exactly one factor pair. Example: The factor pairs of 42 are {42, 1}, {21, 2}, {14, 3}, {7, 6}.
Problem solving with the four operations
2. *Solve multistep word problems involving the four operations with whole numbers.
3. *Solve problems posed with both whole numbers and fractions. Understand that while quantities in a problem might be

described with whole numbers, fractions, or decimals, the operations used to solve the problem depcna on the
relationships between the quantities regardless of which number representaticns are involved.

4. Assess the reasonableness of answers using mental computation and estimation strategies including roundjng to the nearest
16 or 100.

Number—Base Ten 4-NBT

Nuxabers up to 100,000
1. Understand thata digit in one place represents ten times what it represents in the place to its right. For exainple, 7 In the
thousands place represents 10 times as many as than 7 in the hundreds place.

Maultiplying and dividing in base ten }
3. Understand how the distributive property and the expended form of a mult-digit number can be used to calculate preducts
of multi-digit numbers.
a. “The product of a one-digit number times a multi-digit number is the sum of the products of the one-digit number

b. Algorithms for multi-digit multiplication can be derived and explained by writing multi-digit numbers in expanded
form and applying the distributive property.
of the factors is 6, 7, 8, or 9.

5. Mentally calculate products of one-digit numbers and one-digit multiples of 10, 100, and 1000 (e.g., 7 x 6000). Mentally
celeulate whole number quotients with divisors of 10 and 100.

6. Compute products and whole number quotients of two-, three- or four-digit numbers and one-digit numbers, and
compute products of two two-digit rumbers, using strategies based on place value, the properties of operations, end/or
the inverse relationship between multiplication and division; explain the reasoning used.

7. Explain why multiplication and division strategies and algorithms worl, using place value and the properiies of operations.
Include explanations supported by drawings, equations, or both. A range of reasonably efficient algorithms may be covered, not only the
standard algorithms.

Compute products of two-digit numbers using the standard algorithm, and check the result using estimation.

9. Given two whele numbers, find an equation displaying the largest multiple of one which is less than or equal to the other.

For example, given 325 and 7, the equation 325 = 46 = 7 + 3 shows the largest multiple of 7 less than or equal to 325,

Number—Fractions 4-NF

Operations on fractions
1. Understand addition of fractions:

a. Adding or subtracting fractions with the same denominator means adding or subtracting copies of gnit fractions. For
example, 2/3 + 4/3 is 2 copies of 1/3 plus 4 copies of 1/3, or 6 copies of 173 in all, that is 6/3.

as the other. For example, the sum grrbe reIaredﬁac:ions 2/3 and 1/6 can be computed by rewriting 2/3 as 4/6 and computing
476 +1/6=5/6.

2. Compute surns and dilferences of fractions with Iike denominators, add and subtract related fractions within 1 (e.g., 1/2 +
174, 3/10 + %/100, 7/8 — 1/4}, and solve word problems involving these operations.

3. ¥ Understand that the meaning of multiplying a fraction by a whole number comes from interpreting multiplication by a
whole number as repeated addition. For example, 3 X 2/5 == 6/5 because 3 x2/5=2/5+2/5+2/5=6/5.



4. Solve word problems that involve multiplication of fractions by whole numbers; represent multiplication of fractions by
whole numbers using tape diagrams and area models that explain numerical results.

5. *Understand that fractions give meaning to the quotient of any whole number by any non-zero whole number. For example,
3+ 4 =3/4, because 3/4 multiplied by 4 equals 3. (The division 3 + 4 means the nurmber which yields 3 when multiplied by 4.)

6. Solve word preblems that invelve non-whole mmmber quotients of whole numbers; represent quotients of whele mumbers
using tape diagrams and area models that explain numericaf results.
Decimal concepts
7. Understand that a two-digit decimal is 2 sum of fractions with denominators 10 and 100. For example, (.34 is 3/10 +
4/100.
8. Use decimals to hundredths to describe parts of wholes; compare and order decimals to hundredths based on meanings of
the digits; and write fractions of the form a/ 10 or ¢/100 in decimel notation. Use > and < symbols to record the results of

comparjsons.

Measurement and Data 4-MD

The number line and units of measure
1. Understand that the unit length on a number line (interval from 0 to 1) can be divided into parts of equal fractional length.
Draw number line representations of problem sitnations involving length, height, and distance including fractional or
decimal units. For example, show distances aleng a race course to tenths of @ mile on a number line, by dividing the unit length into 10
equal parts to get parts of length 1/10; the endpoint of the segment of 1710 length from U zepresents 1/10 of a mile from the starting
point of the race. In Grade 4, all numbers Iines begin with zero.

Perimeter and area
2. Understand that if a region is decomposed into several disjoint pieces, then the area of the region can be found by adding
the areas of the pieces (when these areas are expressed in the same units).
3. *Apply the formulas for area of squares and rectangles. Measure and compute whole-square-unit areas of objects and
regions enclased by geometric figures which can be decomposed into rectangles. Limit to situations requiring products of one-or
two-digit pumbers.

4, “Find cne dimension ofa rectangle, given the other dimension and the area or perimeter; find the length of one side of a
square, given the area or perimeter. Represent these problems using equations invelving a letter for the unknown quanfity.

Angle measurement
5. Understand what an angle is and how it is measured:

a. An engle is formed by two rays with a common endpoint. _

b. An angle is measured by reference to a circle with its center at the common endpoint of the rays. The measure of an
angle is based on the fraction of the circle between the points where the two rays intersect the circle.

¢. A one-degree angle turns through 1/360 of a circle, where the cizcle is centered at the common endpoint of is rays;
the measure of a given angle is the number of one-degree angles turned with no gaps or overlaps.

6. Measure angles in whole-number degrees using a protractor; sketch angles of specified measure; *find the measure of a
missing part of an angle, given the measure of the angle and the measure of a part of it, representing these problems with
equations involving a letter for the unknown quantity.

Representing and interpreting data
7. Make a dot plot to display a data set of measurements in fractions of a wnit {1/2, 1/4, 1/8). Solve problems involving

addition and subtraction of fractions by using information presented in dot plots. For example, from a dot plot find and interpret
the difference in length between the lengest and shortest specimens in an insect collection.

Geometry 4G

Lines and angles
1. Draw points, lines, line segments, rays, angles, and perpendiculer and paralle] lines; identify these in plane figures.
2. ldentify right angles, and angles smaller than or greater than a right angle in geometric figures; recognize right triangles.

3. Classify shapes based on the presence or absence of paraliel or perpendicular fines, or the presence or absence of angles of

specified size.

Line symmetry _
4. Understand thata line of symmetry for a geometric figure is a line across the figure such that the figure can be folded along
the line into mat(:hjng parts
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5. Identify Iine-symmetric figures; given a horizontal or vertical line and a drawing that is not a closed figure, complete the
drawing to create a figure that is symmetric with respect to the given line.
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Mathematics | Grade 5

In Grade 5, instructional time should focus on four critical areas: (1) developing fluency with addition and
subtraction of fractions, developing understanding of the multiplication of fractions and of division of fractions in
limited cases (fractions divided by whole numbers and whole numbers divided by unit fractions); (2) developing
understanding of and fluency with division of multi-digit whole numbers; (3) developing understanding of and fluency
with addition, subtraction, multiplication, and division of decimals; and (4) developing understanding of volume.

(1) Students apply their understanding of fractions and fraction models to, represent the addition and subtraction of
fractions with unlike dencminators as equivalent caleulations with like denominators. They develop fluency in
caleulating sums and differences of fractions, and make reasonable estimates of them. Students also use the meaning
of fractions, of multiplication and division, and the inverse relationship between multiplication and division to
understand and explain why the procedures for multiplying and dividing fractions make sense. (Note: this is limited
to the case of dividing fractions by whole numbers and whole numbers by unit fractions.)

(?) Stadents develep fluency with division of whole numbers; understand why procedures work based on the
meaning of base-ten notation and properties of operations; and use these procedures to solve problems. Based on the
context of a problem situation, they select the most useful form of the quotient for the answer and interpret it
appropriately.

(3) Students apply their understandings of models for decimals, decimal notation, and properties of ocperations to
compute sums and differences of finite decimals. They develop fluency in these computations, and make reasonable
estirnates of their results. Students use the relationship between decimals and fractions, as well as the relationship
between finite decimals and whole numbers (i.c., a finite decimal multiplied by an appropriate power of 10 is a whole
number), to understand and explain why the procedures for multiplying and dividing finite decimals make sense.
They compute producis and quotients of finite decimals efficdently and accurately.

(4) Students recognize volume as an attribute of three-dimensional space. They understand that volume can be
quantified by finding the total number of same-size units of volume required to fill the space without gaps or overlaps.
They understand that a 1-unit by 1-unit by 1-unit cube is the standard unit for measuring volume. They select
appropriate units, strategies, and tools for solving problems that involve estimating and measuring volume. They
decompose three-dimensional shapes and find volumes of right rectangular prisms by viewing them as decomposed
into layers of arrays of cubes. They measure necessary attributes of shapes in order to determine volumes to solve

problems.
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Number—Base Ten 5-NBT

Whole numbers in base ten
1. Compute quotients of two-, three-, and four-digit whole numbers and two-digit whole numbers using strategies based on
place value, the properties of operations, and/or the inverse relationship between multiplication and division; explain the

reasoning used.

2. Explain why division strategies and algorithms work, using place value and the properties of operations. Include explanations
supported by drawings, equations, or both. A range of reasonably efficient algorithms may be covered, not only the standard algorizhm.

3. Use the standard afgorithm to compute quotients of two-, three- and four-digit whele numbers and two-digit whole
numbers, expressing the results as an equation {e.g., 145 = 11 x 13 +20or 120+ 7= 17 1/7).
4. Fluently add, subtract and multiply whole numbers using the standard algorithm for each operation.
Decimal concepts

5. Read, write, and compare numbers expressed as decimals. Understand that a digit in one place represents ten times what it
represents in the Place to its right. For example, 7 in the hundredths place represents 10 times as many as 7 in the theusandths place.

6. Round decimals (to hundredths) to the nearest whole murmber.
7. Write fractions in decimal notation for fractions with denominators 2, 4, 5, 8, 10, and 1G0.
Operations on decimals

8. Understand that in adding or subtracting finite decimals, one adds or subtracts like units (tenths and tenths, hundredths and
hundredths, etc.) and sometimes it is necessary to compose or decompose a higher value unit.

9. Fluently find 0.1 more than a number and less than a number; 0.01 more than a number and less than a number; and 0.001
more than 2 number and less than a munber, for numbers expressed as finite decimals.

10, Compute sums and differences of finite decimals by expressing the decimals as fractions and addjmg the fractions. For
example, 0.05 + 0.91 = 5/100 + 91/100 = 96/ 100 or 0.96,

11. Compute sumns, differences, products, and quotients of finite decimals using strategies based on place value, the properties
of operations, and/or the inverse relationships between addition and subtraction and between multiplication and division;

explain the reasoning used. For example, transform 1.5 + 0.3 inte I5+ 3 =5.

12. Explain why strategies and algorithms for computations with finite decimals work. Include explanations supported by drawings,
equations, or both. A range of reasonably efficient algorithms may be covered, not only the standard algorithm.

13. Use the standard algorithm for each of the four operations on decimals (to hundredths).

14. Solve word problems involving operations on decimals.

Number—Fractions 5-NF

Fraction equivalence
1. *Understand fraction equivalence:
a.  Multiplying the numerator and denominator of a fraction by the same nonzero whole number produces an equivalent
b. Equivalent fractions correspond to the same point on a number line, fa Grade 5, all numbers [ines begin with zero,
¢. When the numerators of equivalent fractions are divided by their denominators, the resulting quotients are the same.
2. Identify pairs of equivalent fractions; given two fractions with unlike denominators, find two fractions with the same
denominator and equivalent to each.
3. Compare and order fractions with like or unlike denominators, e.g., by finding equivalent fractions with the same
denominator, and describe the sizes of fractional quantities from a context with reference to the context. Compare using the

_fractions themselves, tape diagrams, or number line representations, and area models.

Operations on fractions
4. Understand that sums and differences of fractions with unlike denominators can be computed by replacing each with an
equivalent fraction so that the resulting fractions have the same denominator. For example, 2/3 +5/4=3/12+15/12 =
23/12.
5. Compute sums and differences of fractions with like or unlike denominators, and solve word problems invelving addidon
and subtraction of fractions. Estimate fraction sums and differences to assess the reasonableness of results.

6. ¥ Understand that multiplying a fraction by /b means taking « parts of a decompaosition of the fraction into b equal parts,
For example, to multiply 2/3%x4/5 = 8/15, ene may decompose a whale gfsize 4/5 into 3 equal parts; each part has size 4/15. Two
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of these parts then make 8/15, s0 2/3 x 4/5 = 8/15. (In general, alb % p/q = ap/bq.) This standard includes multiplication of a
whole number by a fraction, by writing the whole number as  fraction with denominazor 1,

7. Understand that the area of a rectangle with side lengths ¢/b and ¢/d is the product a/b x p/q. This extends the area
formula for rectangles to fractional side Iengths, and also allows products of fractons to be represented visually as areas of
rectangles.

8. ‘:'Explain and justify the properties of operations with fractions, e.g., by using equations, number line representations, area
models, and story contexts.

7. Understand division of unit fractions by whele numbers and divisioa of whole numbers by unit fractons:

a. Dividing a unit fraction 1/b by a whele number a results in a smaller unit fraction 1/ x b. For example, 1/3+2=1/6
because when 1/3 is divided into 2 equal parts, the size of each part is 1/6; a third of a pound of cheese shared between two people
will give cach persou a sixth of a pormd. (Using the inverse relationship between multiplicarion and division: 1/3 + 2= 1/6
because 1/6 x 2 =1/3.)

b. Dividing a whole number a by a unit fraction 1/b results ina greater whole number a x b. For example, 2 + 1/3 =6
because 6 is the number of 1/3s in 2; two pounds of cheese will make six portions of a third of a pound each. (Using the inverse
relatjonship between multiplicacion and division: 2 + 1/3 = 6 because 6 x1/3 =2.)

10. Celeulate products of fractions, and quotients of unit fractions and nonzero whole numbers (with either as divisor), and
solve werd problems involving these operations. Represent these operations using equations, area models and length
models.

i1. Understand that a mixed number such as 3 2/5 represents the sum of a whole nunber and a fraction less than one. Because
a whele number can be represented as a fraction (3 = 3/1), and the sum of two fractions is also a fraction,  mixed number
also represents a fraction (3 2/5 =3 +2/5 =15/5 + 2/5 = 17/5). Write fractions as equivalent mixed numbers and

vice versa.

Measurement and Data 5-MD

Units of measure

L. Understand that quantities expressed in like units can be added or subtracted giving a sum or difference with the same unit;
different quantities may be multiplied to obtain 2 new kind of quantity (e.g., as when two lengths ave multiplied to
compute &n area, or when an area and a length are multiplied to compute 2 volume).

2. Understand that when measuring a quantity, if a smaller unit is used, more units must be iterated to measure the quantity
in these units,

3. Convert among different-sized standard measurement units within a given measurement system (e.g., feet to yards,
centimeters to meters) and zse conversion in solving muiti-step word problems.

Yolume
4. Understand concepts of volume measurement:

a. A cube with side length 1 unit (a unit cube) is said to have “ene cubic unit” of velume, and can be used to measure
volume,

b. The volume of a right rectengular prism with whole-unit side lengths can be found by packing it with unit cubes and
using multiplication to count their number. For example, decomposing a right rectangular prism 3 length units wide by 5 units
deep by 2 units tall shows that its velume is 3 x 5 x 2 cubic units. The base of the prism has area 3 x § square units, so the volume
can also be expressed as the height times the area of the base.

c. When measuring a volume, if a smaller imit is used, more units must be iterated to measure the volimme in those units,

d. Ifasolid figure is decomposed into several disfoint pieces, then the volume endlosed by the figure can be found by

. adding the volumes of the pieces (when these volumes are expressed in the same units).

5. Decompose right rectangular prisms into layers of arrays of cubes; determine and cofnpare volumes of right rectangufar
prisms, and objects well described as right rectangular prisms, by counting cubic units (using em®, m?, in®, ft%, and

improvised units).

Representing and interpreting data
6. Make a dot plot to display a data set of measurements in fractions of a unit (1/2,1/4, 1/8). Use operations on fractions for

this grade to solve problems fnvolving information presented in dot plots. For example, given different measurements of liquid in
identical beakers, find the amount of Iiquid each beaker would contain if the toral amount in all the beakers were redistributed equally.

Geometry 5G

Coordinates
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1. Understand thata pair of perpendicular mumber lines, called axes, defines a coordinate system.

2. Their intersection is called the origin, usually arranged to coincide with the O on each line.

b. A given peint in the plane cen be located by using an ordered pair of numbers, called its coordinates. The first number
indicates how far to travel from the origin in the direction of one axis, the second number indicates how far to travel
in the direction of the second axis.

c. Toavoid ambiguity, conventions dictate that the names of the two axes and the coordinates correspord (e.g., x-axis
and x-coordinate, y-axis and y-ceordinate),

2. Graph points in the first quadrant of the cocrdinate plane, and identify the coordinates of graphed points. Where ordered
pairs arise in a problem situation, interpret the coordinate values in the context of the situation.

Plane figures
3. Understand that properties belonging to a category of plane figures also belong to all subcategories of that category. For

example, all rectangles have four right angles and squares are rectangles; so all squares have four right angles.

4. Classify plane figures in a hierarchy based on properties.
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Mathematics | Grade ©

In Grade 6, instructional time should focus on four critical ereas: (1) connecting ratio and rate to whole number
multiplication and division; (2) developing understanding of and fluency with division of fractions and developing
fluency with multiplication of fractions; (3) developing understanding of and using formulas to determine areas of
two-dimensional shapes and distinguishing between volume and surface area of three-dimensions] shapes; and (4)
writing, interpreting, and using expressions and equations.

(1) Students use reasoning about multiplication and division with quantities to solve ratic and rate problems. By
viewing equivalent ratios and rates as deriving from, and extending, pairs of rows (or columns) in the multiplication
table, and by analyzing simple drawings that indicate the relative size of quantities, students extend whole number
multiplication and division to ratios and rates. Thus students expand their repertoires of problems in which
multiplication and division can. be used to solve problems, and they build on their understanding of fractions to
understand ratios. Students solve a wide variety of problems involving ratios and rates.

(2) Students use the meaning of fractions, the meanings of multiplication and division, and the inverse relationship
between multiplication and division to understand and explain why the procedures for dividing fractions make sense.
Students are able to add, subtract, rultiply, and divide fractions fluently, and use these operations to solve problems,
including multi-step problems and problems involving measurement.

(3) Students reason about relationships among shapes to determine area and surface area. They find areas of right
triangles, other triangles, and special quadrilaterals by decomposing these shapes, rearranging or removing pieces,
and relating the shapes to rectangles. Using these methods, students discuss, develop, and justify formulas for areas of
triangles and parallelograms. Students find areas of polygons and surface areas of prisms and pyramids by
decomposition into pieces whose area they can determine.

(4) Students write mathematical expressions and equations that correspond to given situations, they evaluate
expressions, and they use expressions and formulas to solve problems. Students understand that a variable is a letter
standing for a number, where the number is unlnown, or where, for the purpose at hand, it can be any number in
the domain of interest. Students understand that expressions in different forms can be equivalent, and they use the
compactly or to feature different information). Students know that the solutions of an equation are the values of the
variables that make the equation true. Students use properties of operations and the idea of maintaining the equality
of both sides of an equation to solve simple one-step equations. Students construct and analyze tables, such as tables
of quantities that are in equivalent ratios, and they use equations (such as 3x = y) to describe relationships in a table.

Having represented and analyzed data in Grades K5, students in Grade 6 begin a serious engagement with
statistics. The study of variability in data distinguishes statistics from mathematics. Students beginning their study of
variability must first recognize statistical questions as those that anticipate variability in the answers. From this
conceptual beginning, they learn to describe and summarize distributions of data—an activity that goes beyond
merely computing summary statistics to include assessing the shape of a distribution and considering other issues as
described in the standards.
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Retios and Proportional Relationships 6RP

Ratios

1. Understand the concept of a ratio: Two quantities are said to be in a ratio of « to b when for every a units of the first
quantity there are b units of the second. For example, in a flock of birds, the ratio of wings to beaks might be 2 to 1; this ratio is also
written 2:1. In Grade 6, limit to ratios grwbole numbers.

2. Make tables of equivalent ratios relating quantities with whole-number measurements, find missing values in the tables, and
plot the pairs of values on the coordinate plane.

3. Solve for an unknown quantity in a problem involving two equal ratios.

4. Describe categorical data sets using ratios (e.g., for every vote candidate A received, candidate C received nearly three
votes; the ratio of type O blood doners to type B blood donors was 9:2).

Unit rates
5. Understand that for a ratio a:b, the corresponding unit rate is 2/. If there are a units of the first quantity for every b units
of the second, where b 5 0, then there are /5 units of the first quantity for 1 unit of the second. For example, if a recipe has a
ratio of 3 cups of flour to 4 cups of sugar, then there is 3/4 cup of flour for each cup of sugar.

6. ¥Sclve unit rate problems including unit pricing and constant speed, including reasoning with equations suchas d =r x ¢, r

= d/t, i=d+r.
The Number System 8-NS
Operations

I. Understand that the properties of operations apply to, and can be used with, addition and multiplication of fractions.

2. Understand that division of fractions is defined by viewing a quotient as the solution for an unkrown-factor multiplication
problem. For example, {2/3)+ (5/7) = 14/15 because (5/7) x (14/15) = (2/3).

3. Soive word problems requiring arithmetic with fractions, using the properties of operations and converting between forms
as appropriate; estimate to check reasonzbleness of answers.

4. Fluently divide whole numbers using the standard algoritbm.

5. Understand thata number is a point on the number line.

6. Understand that some quantities have opposite directions, such as elevation above and below sea level or money received
and spent. These quantities can be described using positive and negative numbers.

7. Understand that number lines familiar from previous grades can be extended to represent negative numbers to the left of
zero. Number lines can also be veriically oriented, as when a coerdinate system is formed. Then the conventional terms “to the right of 07
and “to the left of 0" conventionally became “above 07 and “below 0.

a. Two different numbers, such as 7 and —7, that are equidistant from zero on a number line are said to be opposites of
one another. The opposite of the opposite of a number is the number itself, e.g., —(—3) = 3. The opposite of 015 0.

b. The absalute value of a number q, written | g1, is its distance from zero, and is always positive or zero.

c. Fractions and their opposites form a system of numbers called the rational numbers, represented by puints on a

d. Previous ways of comparing positive numbers can be extended to the rational numsbers. The statement p > g means
that pis focated to the right of ¢ on 2 number line, while p < g means that p is located to the left of ¢ on 2 number lne,
Comparisons can also be made by reasoning appropriately about signed quantities (e.g, —3 > —7 makes sense because
—3°C is a higher temperature than —7°C). The way two numbers compare does not always agree with the way their
absolute values compare; for example, —3 > -7, but [—3| < |-7|.

8. Find and position rattonal numbers, including integers, on a number line.

9. Use rational numbers to describe quantities such as elevation, temperature, account balance and so on. Compare these
quantities, recording the results of comparisons using > and < symbols.

10. Graph points and identify coordinates of peints on the coordinate plane in alf four quadrants. Where ordered pairs arise in
a problem situation, interpret the coordinate values in the context of the situation.
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Expressions and Equations

G-EE

Expressions

1.

Understand that an expression records operations with numbers or with letters standing for numbers, For example, the
expression 2 - (8 + 7) records adding § and 7 then multiplying by 2; the expression § — y records subtracting y from 5. Focus on the
operations of addition, subtraction, multiplication and division, with some artention to square or cube roots.
Understand the use of variables in expressions and algebraic conventions:
a. Aletter is used to stand for 2 number in an expression in cases where the number is unknown, or where, for the
purpose at hand, it can be any mumber in a dornain of interest. Such a leiter is called a variable,
b. ifa variable appears in an expression more than once (e.g., asin ¢ -+ 3z), that variable Is understood to refer to the
same namber in each instance,
. The multiplication symbol can be emitted when writing products of two or more variables or of a number and a
variable. For exemple, the expressions xy and 2a indicate x X y and 2 % a, respectively.
Describe the stucture and elements of simple expressions using correct terminelogy (sum, term, product, factor,
quotient, coefficient); describe an expression by viewing one or more of its partsasa single entity. For example, describe the
expression 2 - (8 + 7) as a product of twa factors, by viewing (& 4 7) as a single entity. The second factor is ftself a sum of two terms.
Understand and generate equivalent expressions:
a. Understand that two expressions are equivalent if they name the same number regardless of which numbers the

variables in them stand for. For example, the expressions x + 3 and 4x are not equivalent, even though they happen to name the
same number in the case when x stands for 1.

b. Understand that applying the laws of arithmetic to an expression results in an equivalent expression For example

the equivalent expression 3y,

. Generate equivalent expressions ta refnterpret the meaning of an expression For examp]e 2t + 3t records the addirion of

BILPIESSJDR can be remtezpreted as recardmgﬁve times the qllﬂ’ntﬂ:j’.

Quantitative relationships and the algebraic approach to problems

5.

Understand that an equation is 2 statement that two expressions are equal, and a solution to an equation is a replacement
value of the variable (or replacement values for ali the variables if there is more than one) that makes the equation true.

Using the idea of maintaining equality between both sides of the equation, solve equations of the form x + p = gand px = g
for cases in which p, g and x are all nomnegative rational mimbers.

Choase variables to represent quantities in a word problem, and construct simple expressions or equations to solve the
problem by reasoning about the quantities.

Understand that a variable can be used to represent a quantity that can change, often in relationship to anather changing
quantity, and an equation can express one quantity, thought of as the dependent variable, in terms of other quantities,
thought of as the independent variables; represent a relationship between two quantities using equations, graphs, and
tables; translate between any two of these representations. For example, describe the terms in a sequencet = 3, 6, 9, 12, ... of
multiples of 3 by writing the equationt = 3nforn=1, 2, 3, 4, ....

Geometry 66

Properties of area, surface area, and volume

1.

Understand that plane figures can be decomposed, reassembled, and completed into new figures; use this technique to
derive area formulas.

Find the areas enclosed by right triangles, other triangles, special quadrilaterals, and polygons (by composing into
rectangles or decomposing into triangles and other shapes).

Understand that three-dimensional figures can be formed by joining rectangles and triangles along their edges to enclose a
solid region with no gaps or overlaps. The surface area is the sum of the areas of the enciosing rectangles and triangles.

Find the surface area of cubes, prisms and pyramids (include the use of nets to represent these figures).
Salve problems involving area, volume and surface area of objects.

Give examples of right rectangular prisms with the same surface area and different volumes, and with the same volume and
different surface areas.

Common Core State Standards | Mathematlcs | Grade 6 32




7. ¥lUse exponents and symbols for square roots and cube roots to express the area of a square and volurae of 2 cube in terms
of their side lengths, and to express their side lengths in terms of their area or volume.,

Statistics and Prohability &SP

Variability and measures of center
1. Understand that a statistical question is one that anticipates variability in the data related to the question and accounts for it
in the answers. For example, “How old om I?” is not a statistical question , but “How old are the students in my school?” Is a statistical
question because one anticipates variability in students™ ages.
2. tnderstand thata set of data generated by answers to a statistical question typically shows variability—not afl of the values
are the same——and yet often the values show an overall pattern, often with a tendency to cluster.

a. A measure of center for a munerical data set summarizes al of its values using a single number. The median is a

the total of the data values were redistributed fairly, and in the sense that it is the balance point of a data distribution

shewn on a dot plot.

Summarizing and describing distributions
3. Display numerical data in plots on a number line, including det plots, histograms, and box plots.
4. Summarize numerical data sets, such as by:
a. Reporting the number of observations.
b. Describing the nature of the variable, including how it was measured and its units of measurement. Data seis can include
ractional values at this grade but not negative values.
¢. Describing center and variation, as well as describing any overall pattern and any striking deviations from the overall
pattern.
5. Relate the choice of the median or mean as a measure of center to the shape of the data distributicn being described and the
context in which it is being used. Do the same for the choice of interquartile range or mean average deviation as a measure
of variation. For example, why are housing prices gﬁten summarized by reporting the median selling price, while students’ assigned

grades are often based on mean homework scores?
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Mathematics | Grade 7

In Grade 7, instructional time should focus on four critical areas: (1) develdpfng understanding of and applying
proportional relationships; (2) developing understanding of operations with rational numbers and solving linear
equations; (3) analyzing two- and three-dimensional space and figures using distance, angle, similarity, and
congruence; and (4) drawing inferences about populations based on samples.

(1) Students extend their understanding of ratios and develop understanding of proportionality to solve single- and
multi-step problems. Students use their understanding of ratios and proportionality to solve a wide variety of percent
problems, including those involving discounts, interest, taxes, tips, and percent increase or decrease. Students solve
problems about similar objects (including geometric figures) by using scale factors that relate corresponding lengths
between the objects or by using the fact that refationships of lengths within an object are preserved in similar objects.
Students graph proportional relationships and understand the unit rate informally as a measure of the steepness of the
related line, called the slope. They distinguish proportional relationships from other relationships.

(2) Students develop 2 unified understanding of number, recognizing fractions, decimals, and percents as different
representations of rational numbers. Students extend addition, subtraction, multiplication, and division and their
properties to ail rational numbers, including integers and numbers represented by complex fractions and negative
fractions. By applying the laws of arithmetic, and by viewing negative numbers in terms of everyday contexts (e.g.,
amounts owed or temperatures below zero), students explain why the rules for adding, subtracting, multiplying, and
dividing with negative numbers make sense. They use the arithumetic of rational numbers as they formulate and solve
linear equations in one variable and use these equations to solve problems.

(3) Students use ideas about distance and angles, how they behave under dilations, translations, rotations and
reflections, and ideas about congruence and similarity to describe and analyze figures and situations in two- and three-
dimensional space and to solve problems, including multi-step problems. Students prove that various configurations
of lines give rise to similar triangles because of the angles created when a transversal cuts parallel lines. Students apply
this reasoning about similar triangles to solve problems, such as finding heights and distances. Students see the
plausibility of the formulas for the circumference and area of 4 cirdle. For example, in the case of area, they may do so
by reasoning about how lengths and areas scale in similar figures or by decomposing a circle or circular region and
rearranging the pieces.

(4) Students build on their previous work with single data distributions to compare two data distributions and
address questions about differences between populations. They begin informal work with random sampling to
generate data sets and learn about the importance of representative samples for drawing inferences.
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Ratios and Proportional Relationships 7-RP

Analyzing proportional relationships

1. Form ratios of nonnegztive rational numbers and compute corresponding unit rates. For example, a person might walk ¥% mile
in each Y hour; the unit rate for this ratio is (1/2)/(1/4) miles per hour, equivalently 2 miles per hour. Include ratios of fengths, areas
and other quantities, including when quantities being compared are measured in different units.

2. Recognize situations in which two quantities cavary and have a constant ratio. (The quantities are then said to be ina
proportional relationship and the unit rate is called the constant of propostionality.} Decide whether two quantities that
covary are in a proportional relationship, e.g., by testing for equivalent ratios or graphing on a coordinate plane.

3. Compute unit rates and solve proportional relationship problems in everyday contexts, such as shepping, cooking,
carpentry, party planning, etc. Represent proportional relationships by equations that express how the quantities are
related via the constant of Proportionality or unit rate. For example, rotal cost, t, is pmportiona] to the number, n, purchased at a
constant price, p; this relationship can be expressed ast = pa. )

4. Flot proportional relationships on a coordinate plane where each axis represents one of the two quantities involved,
observe that the graph is a straight ine through the origin, and find unit rates from a graph. Explain whata poiut (x, §)
means in termms of the situation, with special attention to the points (0, 0) and (1, r) where r is the unit rate.

5. Compare tables, graphs, formulas, diagrams, and verbal descriptions that represent or partially represent proportional
relationships; explain correspondences among the representations including how the unit rate is shown n each.

Percent

6. Understand that percentages are rates per 100, For example, 30% of a quantity means 397100 times the quantity. A
percentage can be a complex fraction, as in 3.75% = 3.75 /100:

7. Find a percentage of a quantity; solve problems involving finding the whole given a part and the percentage.

8. Solve multistep percent problems. Examples: simple interest, tax, markups and markdowns, gracuities and commissions, fees, percent

increase and decrzase, percent error, expressing monthly rent as a percentage of take-home pay.

The Number System 7-NS

The system of rational numbers
1. Understand that the rales for manipulating fractions exfend to complex fractions.
2. Understand and perform addition and subtraction with rational mrmbers:

a. Understand that on a number line, the swm p + g is the number located a distance |q| from p, to the right of p if 9 is
positive and to the left of p if ¢ is negative. A mumber and its opposite are additive inverses (i.e., their sum is zero).
443+ (=3 =4+3+)]=4+[0] =4

c. Understand that subtraction of rational numbers is defined by viewing a difference as the solution of an unlmown-
addend addition problem. Subtraction of a rational number gives the same answer as adding its additive inverse.

d. Explain and justify rules for adding and subiracting rational rumbers, using a number line and practical contexts. For
example, relare r -+ (—s) = r— s to a bank transaction; explain whyp —(q+ 1) =p~q—1

¢. Understand that the additive inverse of a sum is the sum of the addijtive inverses, thatis —(p + q) = —p +—q. For
example, —(6 +—2) = (~6) + 2 because [6 + (~2)] + [(=6) + 2] = [6 + (=6)] + [ (=2} + 2] = [0] + [0] = 0.

3. Understand and perform multiplication and division with rational numbers:

a. Understand that the extension of multiplication from fractions to rational numbers is determined by the requirement
that raultiplication and addition satisfy the laws of arithmetic, particularly the distributive law, leading to products
such as (—1){(—1) = 1 and the rules for multiplying signed numbers.

non-zero divisor) is a rational number. If p/q is a rational mumber, then —(p/q) = (—p)/q = p/(—q).
c. Calenlate products and quotients of rational numbers, and use multiplication and division to solve word problems.

Include signed quantities.

rational and irrational numbers form the real number system. In school mathematics, the real numbers are assumed to

satisfy the laws of arithmetic.

Expressions and Equations 7-EE
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Expressions
I. Interpret numerical expressions at a level necessary to calculate their value using a calculator or spreadsheet. For
expressions with variables, use and interpret conventions of algebraic notation, suchas y/2 is y + 2 or 1/2 x 3L/ /5is
(3i]}+50r1/5X(3i]);alisa><a,aaisaXaXa,azbisaXaxb.
2. Generate equivalent expressions from a given expression using the laws of arithmetic and conventions of algebraic
notation. Include:
a. Adding and subtracting linear expressions, asin (2x -+ 3) +x + (2 —x) = 2x + 5,
b. Factoring, asindx + 4y =4(x + y) or 5x + 7z + [0p + My =12x + 24y = 12z + 2p).
c. Simplifying, asin—2(3x—5) + 4x = 10— 2x or 2/3 + (x— 2)/4 = Tx/12 - 1/2,

Quantitative relationships and the algebraic approach to problems

3. Choose variables to represent quantities in a word problem:, and construct simple equations to salve the problem by
reasoning about the quantities.

a. Solve word problems leading to equations of the form px + ¢ = rand p(x + g) = r, where p, g, and rare nonnegative
rational mumbers and the solution is a nonnegative rational number. Fluently solve equations of these forms, e.g., by
undoing the operations invelved in producing the expression on the left.

b. Solve the same word problem arithmetically and algebraically. For example, J. has 4 packages of balloons and § single
balloens. In cll, ke has 21 balloons. How many balloens are in a package?” Solve this problem arithmerically (using a sequence of
operations on the given numbers), and also selve it by using a variable to stand far the number gf balloons in a package, constructing

. an equatton such as 4b + 5 = 21 to describe the situation then solving the equation.

¢. Understand that rewriting an expression in different forms in 2 problem context can shed light on the problem and
how the quantities in it are related. For example, P+ 0.05P = 1.05P means that “increase by 5967 is the same as “multiply by
1.05.”

Geometry 7G

Congruence and similarity

1. Verify experimentally the fact that a rigid motion (a sequence of rotations, reflectiens, and translations) preserves distance
and angle, e.g., by using physical models, transparencies, or dynarmic geometry software:
a. Lines are taken to lines, and line segments to line segments of the same length.
b, Angles are taken to angles of the same measure,
c. Parallel lines are taken to paralle] kines.

2. Understend the meaning of congruence: a plane figure is congruent to another if the second can be obtained from the first by a rigid
motion.

3. Verlify experimentally that a dilation with scale factor k preserves lines snd angle measure, but takes a line segment of length I to a line
segment of length kL.

4. Understand the meaning of similarity: a plane figure is similar to ancther if the second can be obtained from the first by & similarity
transformation (a rigid motion followed by 2 dilation).

5. Solve problems involving similar figures and scale drawings. Include computing actual lengths and areas from a scale drawing ond
reproducing a scale drawing at a different scale.

6. Use informal arguments involvirg approximation by lices, squares, and cubes to see that a similarity transformation with a scale factor of
kleaves angle measures unchanged, changes lengths by a factor of k, changes areas by = factor of B, and changes volumes by a factor of B

7. Know the formulas releting the area, radius and circumference of a cirde and solve problems requiring the use of these formulas; give an
informal derivation of the relationship between the circumference and area of a cirdle.

Angles
8. Justify facts about the angle sum of triangles, exterior angles, and alternate interior angles created when parallel lines are cut by a
transversal, e.g., by using physical models, transparencies, or dynamic geometry software to make rigid motions and give informal
arguments. For example, arrange three copies of the same triaagle so that the three angles appear to form a line, and give an azguwent in terms of
transversals why this is so.

9. Use facts about supplementary, complementary, verticel, and adjacent angles in a multi-step problem to write and solve simple
equations for an unknown angle in a figure.
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Statistics and Prohability 7-5P

Situations invelving randomness

1. Simulate situations involving randomness using random numbers generated by 2 calculator or a spreadsheet or taken from a
table. For example, if you guess at all ten true/fakse questions on a quiz, how likely are you ro get at least seven answers correct?

2. Use Proporﬁonal reasoning to predict relative frequencies of outcomes for situations involving randomness, but for which a
theoretical answer can be determined. For example, when rolling a number cube 600 times, ong would predict that a 3 or 6 would
be rolled roughly 200 times, but probably not exactly 200 times. How r far off might your prediction be? Use technolagy to generate
muftiple samples to approximate a distribution of sample proportions. Repeat the process for smaller sample sizes.

Random sampling to draw inferences about a population

3. Understand thet statistics can be used to gain information abouta population by examining a sample of the population;
generalizations about a population from a sample are valid only if the sample is representative of that population.
Understand that random sampling tends to produce representative samples and support valid inferences.

4. Understand the importance of measures of variation in sample guantities (like means or proportions) in reascning about
how well a sample quantity estimates or predicts the corresponding population quantity.

5. Use data from a random sample to draw inferences about a population with an unknown characteristic of interest.
Generate multple samples (or simulated samples) of the same size to gauge the variation in estimates or predictions. For
example, estimate the mean word length in a book by randomly sampling words from the book; predict the winner of a school election based

on randomly sampled survey data. Gauge how far off the estimate or prediction might be.

Comparative inferences about two populations
6. Informally assess the degree of visual overlap of two numerical data distributions with sirilar variabilities, measuring the
difference between the centers by expressing it ag a multiple of a measure of variability. For example, the mean height of
players on the baskezhall team is 10 cm greater than the mean height of players on the soccer team, abeut twice the variability (mean
average deviarion) on either team; on a doz plot, the separation between the two distributions of heights is noticeable.

7. Use measures of center and measures of variability for numerical data from uniform random samples to draw informal
comparative inferences about two populations. For example, decide whether the words in a chapter of a seventh-grade book are

generally longer than the words in a chapter of a sixth-grade book.
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‘Mathematics | Grade 8

In Grade 8, instructional time should focus on three critical areas: (1) solving linear equations and systems of linear
equations; (2) grasping the concept of a fnction and using functions to deseribe quantitative relationships; (3)
understanding and applying the Pythaporean Theorem.

(1) Students use linear equations, and systems of linear equations to represent, analyze, and solve a variety of
problems. Students recognize proportions (y/x = m or ¥ = mx) as a special case of linear equations, y = mx + b,
understanding that the constant of proportionality (m) is the slope and the graphs are lines through the origin. They
understand that the slope (m) of a line is a constant rate of change, so that if the input or x-coordinate changes by an
amount 4, the output or y-coordinate changes by the amount mA. Students also formulate and sclve linear equations
in one variable and use these equations to solve problems. Students also use a linear equation to describe the
association between two quantities in a data set (such as arm span vs. height for students in a classroom). At this
grade, fitting the model, and assessing its fit to the data are done informally. Interpreting the model in the context of
the data requires students to express a relationship between the two quantities in question.

Students strategically choose and efficiently irnplement procedures to solve linear equations in one variable,
understanding that when they use the properties of equality and the concept of logical equivalence, they maintain the
solutions of the original equation. Students solve systems of two linear equations in two variables and relate the
systems to pairs of lines in the plane; these intersect, are parallel, or are the same line. Students use linear equations,
systems of linear equations, linear functions, and their understanding of slope of a line to analyze situations and solve
problems.

(2) Students grasp the concept of a function as a rule that assigns to each element of its domain exactly one element
of its range. They use function notation and understand that functions describe situations where one quantity
determines another. They can translate among verbal, tabular, graphical, and algebraic representations of functions
(noting that tabular and graphical representations are usually only partial representations), and they describe how
aspecis of the function are reflected in the different representations.

(3) Students understand the statement of the Pythagorean Theorem and its converse, and can explain why the
Pythagorean Theorem is valid, for example, by decomposing a square in two different ways. They apply the
Pythagorean Theorem to find distances between points on the coordinate plane, to find lengths, and to analyze

polygons.
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The Number System B-NS

The system of real numbers

1. Understand informally that every number on a number line has a decimal expansion, which can be found for rational
nurnbers using long division. Rational numbers are those with repeating decimal expansions {this includes finite decimals
which have an expansion that ends in a sequence of zeros).

2. Informally explain why V2 is irrational.

3. Use rational approximations (including those obtained from truncating decimal expansions) to compare the size of

irrational numbers, locate them approximately on a number ling, and estimate the value of expressions (e.g., n%). For
example, show that the square root t_)fQ is between I and 2, then between 1.4 aud 1.5, and exp]aju how to continue on to get better

GPPIOXII}]GHODS.

Expressions and Equations 8-EE

Linear equations in one variable
1. Understand that a linear equation in one variable might have one solution, infinitely many solitions, or no solutions.
Which of these possibilities is the case can be determined by successively transforming the given equation into simpler
forms, until an equivalent equation of the form x == a, 2 = a, or @ = b results {where ¢ and b are different numbers),
2. Solve linear equations with rational nurnber coefficients, including equations that require expanding expressions using the
distributive law and collecting like terms.

Linear equations in two variables

3. Understand that the slope of a non-vertical line in the coordinate plane has the same value for any two distinct points used to
compute it. This can be seen using similar triangles.

4. Understand that two lines with well-defined slopes are parallel if and only if their slopes are equal.

5. Understand that the graph of a linear equation in two variables is a line, the set of pairs of munbers satisfying the equation.
If the equation is in the form y = mx + b, the graph can be obtained by shifting the graph of y =mx by b units (upwards if b is
positive, downwards if b is negative). The slope of the line is m.

6. Understand that a proportional relationship between two variable quantities 5 and x can be represented by the equation y =
mx. The constant m is the unit rate, and tells how much of y per unit of x.

7. Graph Proporﬁonal relationships and relfationships defined by a linear equation; find the slope and interpret the slope in
context.

3. Compare two different proportional relationships represented in different ways. For example, compare a distance-time graph to

a distance-time equation to determine which of two moving objects has greater speed.

Systems of linear equations

9. Understand that solutions to a system of two linear equations in two variables correspond to points of intersection. of their
graphs, because points of intersection satisfy both equations simultancousty.

10. Solve systems of twao linear equations in two variables algebraically, and estimate solutions by graphing the equations. Solve
simple cases by inspection. For example, 3x + 2y = 5 and 3x + 2y = 6 have no selution because the quantity 3x + Zy cannot
simultanecusly be 5 and 6.

11. Solve and explain ward problems leading to two linear equations in two variables.

12. Selve problems involving lines and their equations. For example, decide whether a potnt with given coordinates lies on the line with
a given equation; construct an equation for a line given two points on the Line or one point and the sIope; given coerdinates for LW pairs
of points, determine wheiher vhe line through the first patr of points intersects the line through the second pair.

Functions 8F

Function concepts
1. Understand that a function from one set (called the domain) to another set (called the range) is a rule that assigns to each
element of the domain (an input) exactly one element of the range (the corresponding output). The graph of a function is
the set of ordered pairs consisting of an input and the corresponding output. Function netation is not required in Grade §.

2. Evaluate expressions that define functions, and solve equations to find the input{s) that correspond to 2 given output.

3. Compare properties of two functions represented in different ways (elgebraically, graphically, numerically in tables, or by
verbal descriptions}. For example, given a linear funcﬁon represented by a table of values and a linear - function represented by an

algebraic expression, determine which function has the greater rate of change.
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4, Understand that 2 function is linear if it can be expressed in the form y = mz + b or if its graph is a straight line. For example,
the funcrion y = ¥ is not a lin ear function because its graph consains the poings (1,1}, (—1,1) and (0,0}, which are not on a straight line.

Functional relationships between quantities
5. Understand that functions can describe sitnations where one quantity determines another.
6. Construct a function to model a linear relationship between two quantities. Determine the rate of change and initial value
of the fimction from a description of a relationship; from two {x, y) values, inclading reading these from a table; or from a

graph, Interpret the rate of change and initial value of a linear function in terms of the sittation it models, and in terms of
its graph or a table of values.

7. Describe qualitatively the functional relationship between two quantities by reading a graph (e.g., where the function is
increasing or decreasing, linear or nonlinear). Sketch a graph that exhébits the qualitative features of a fimction that has
been described verbally.

Geometry 86

Congruence and similarity
1. Use coordinate grids to transform figures and to predict the effect of dilations, translations, rotations and reflections.
2. Explain using rigid motions the meaning of congruence for triangies as the equality of all pair of sides and all pairs of angles,

3. Give an informal explanation using rigid motions of the SAS and ASA criteria for triangle congruence, and use them to
prove simple theorems.

4. Explain using similarity transformations the meaning of similarity for triangles as the equality of all pairs of angles and the
proportionality of all pairs of sides.

5. Give an informal explanation using similarity transformations of the AA and SAS criteria for trizngle similarity, and use
them to prove simple theorems.

The Pythagorean Theorem

6. The side lengths of a right triangle are related by the Pythagerean Theorem. Conversely, if the side lengths of a triangle
satisfy the Pythagorean Theorem, itisa right triangle.

Explain a proof of the Pythagorean Theorem and its converse.

Use the Pythagorean Theorem to determine unknown side lengths in right triangles and to solve problems in two and three
dimensions.

9. Use the Pythagorean Theorem to find the distance between two points in a coordinate system.
Plane and solid geometry

16. Draw (frechand, with ruler and protractor, and with technology) geometric shapes from given conditions. Focus on
consiricting triangles from three measures of angles or sides, noticing when the triangle is uniquely defined, ambiguously
defined or nonexistent.

- 11. Understand that slicing a three-dimensional tigure with a plane produces a two-dimensional figure. Describe plane sections
of right rectangular prisms and right rectangular pyramids.

12, Use hands-on activities to demonstrate and describe propexties of: parallel lines in space, the line perpendicular to a given
line through a given point, lines perpendicular to a given plane, lines parallel to a given plane, the plane or planes passing
through three given points, and the plane perpendicular to a given line at a given point.

Statistics and Probability 8-8P

Patterns of association in bivariate data
1. Uaderstand that scatter plots for bivariate measurement data may reveal patterns of association between two quantities.

2. Construct and interpret scatter plots for bivariate measurement data. Describe patterns such as clustering, outliers, positive
or negative association, linear association, nonlinear association.

3. Understand that a straight line is a widely used model for exploring relationships between two quantitative variables. For
scatter plots that suggest a linear association, informally fit a straight line, and informally assess the model fit by judging the
closeness of the data points to the line.

4. Use the equation of a linear model to solve problems in the context of bivariate measurement data, interpreting the slope
and intercept, For example, in a linear model for a biclogy experiment, an additional hour of sunlight each day is asrociated with an
additional 1.5 cm in mature plant height.

5. Understand that patterns of association can also be seen in bivariate categorical data by displaying frequencies and relative
frequencies in a two-way table. Construct and interpret a two-way table summarizing data on two categoriczl variables
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collected from the same subjects. Use relative frequencies calculated for rows or columns to deseribe possible association
between the two variables. For example, collect data from students in your class on whether or nor they have a curfew on school nighs

and whether or not they have assigned chores at home. Is there evidence that those who have a curfew also tand to have chores?
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Mathematics Standards for High School

Where is the College-and-Career-Readiness line drawn?

The high school standerds specify the mathematics that all students should learn in order to be coﬂege and career
ready. The high school standards also describe additional mathematics that students should learn to pursue careers and
majors in science, technology, engineering and mathematics (STEM) fields. Other forms of advanced work are
possible {for example in discrete mathematics or advanced statistics) and can be eventually added to the standards.

Standards beyond the college and career readiness level that are necessary for STEM careers are prefived with a
symbol STEM, as in this example:

steM Graph complex numbers in polar form and interpret arithmetic operations on complex numbers
geometrically.

Any standard without this tag is understood to be in the common core mathematics curriculum for all students.

How are the high school standards organized?

The high school standards are listed in conceptual categories, as shown in the Table below. Appendix A (online)
contains drafts of model course descriptions based on these standards. Conceptual categories portray a
coherent view of core high school mathematics; a student’s work with Functions, for example, crosses 2 number of
traditional course boundaries, potentially up through and including Calculus.

Conceptual Organization of the High School Standards

CCRS

High School Standards
Draft September
o Dralt March 10
Number

Number and Quantity
Quantity
Expressions
Equations Algebra

Coordinates

Functions Functicns
Geometry Geometry
Statistics
Statistics and Probability
Probability
Modeling Modeling**

* Standards formerly appearing under Coordinates now appear under other headings.

** Making mathematical models is now a Standard for Mathematical Practice. Standards
formerly appearing under Modeling are now distributed under other major headings. High
school standards with relevance to modeling are flagged with a (%) symbel. A narrative
description of modeling remains in the high school standards, but there are no specific
standard statements in that narrative descrigtion.

Common Core State S?andards | Mathematics rHigh School 42



Mathematics | High School—Number and Quantity

Numbers and Number Systems. During the years from kindergarten to eighth grade, students must
repeatedly extend their conception of number. At first, “number” means “counting number™: 1, 2, 3, ... Soon after
that, 0is used to represent “none” and the whole numbers are formed by the counting numbers together with zero.
The next extension is fractions. At first, fractions are barely numbers and tied strongly to pictorial representations.
Yet by the time students understand division of fractions, they have a strong concept of fractions as numbers and have
connected them, via their decimal representations, with the base-ten system used to represent the whole numbers.
During middle school, fractions are augmented by negative fractions to form the rational numbers. In Grade 7,

. students extend this system once more, augmenting the rational numbers with the irrational nurabers to form the real
numbers. In high school, students will be exposed to yet another extension of number, when the real numbers are
augmented by the imaginary numbers to form the complex numbers.

Students sometimes have difficulty accepting new kinds of numbers when these differ in appearance and
properties from those of a familiar system. For example, students might decide that complex numbers are not
numnbers because they are not written with numerical digits, or because they do not describe positive or negative
quantities. Indeed, this ascent through number systems makes it fair to ask: what does the word number mean that it
can mean all of these things? One possible answer is that a number is something that can be used to do mathematics:

calculate, solve equations, or represent measurements. Historically, number systems have been extended when there

is an intellectual or practical benefit in using the new numbers to solve previously insoluble problems. 1

Although the referent of “nurnber” changes, the four operations stay the same in important ways. The
commutative, assodiative, and distributive laws extend the properties of operations to the integers, rational numbers,
real numbers, and complex rumbers. The inverse relationships between addition and subtraction, and multiplication
and division are maintained in these larger systems.

Calculators are useful in this strand to generate data for numerical experiments, to help understand the workings
of matrix, vector, and complex number algebra, and to experiment with non-integer exponents.

Quantities. In their work in messurement up through Grade 8, students primarily measure commeonly used
attributes such as length, area, volume, and so forth. Tn high school, students encounter novel situations in which they
themselves must conceive the attributes of interest. Such a conceptial process might be called quantification.
Quantification is important for science, as when surface area suddenly “stands out” as an important variable in
evaporation. Quantification is also important for companies, who must conceptualize relevant attributes and create or
choose suitable metrics by which to measure them.,

Content Outline

The Real Number System
Quantities
The Complex Number System

Vector Quantities and Matrices

Lgee Harel, G., “A Standpolnt of Research on Middle/Higher Number and Quantity,” a research review provided far the Common Core State
Standards Initiative.
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The Real Number System N-RN

1.

Understand that the laws of expenents for positive infeger exponents follow from an understanding of exponents as
indicating repeated multiplication, and from the associative law for multiplication.
Understand that the definition of the meaning of zero, positive rational, and negative exponents follows from extending the

laws of exponents to those values, allowing for a notation for radicals in terms of rational exponents. For example, since
(573 = 50V = gl = & 61 50y cube root aof 5.

3. Understand that sums and products of rational numbers are rational.

4. Understand that the sum of a rational number and an irrational number is irrational, and that the product of a nonzero
rational number and an irrational number is irrational.

5. Rewrite expressions using the laws of exponents. For example, (5%} = 5*? and 1/5 = 5.

Qua ntities ™ N-Q

1. Understand that the magnitude of a quantity is independent of the unit used to measure it. For exam ple, the density of a liquid
dees not change when it is measured in another unit. Rather, its measure changes, The chosen unit “measures” the quantity by giving it a
numerical value ("the density of lead is 11.3 times that of water”}.

2. Use units as a way to understand problems and to guide the solution of multi-step problems, involving, e.g., acceleration,
currency conversions, derived quantities such as person-hours and heating degree days, social science rates such as pec-
capita income, and rates in everyday life such as points scored per game.

3. Define metrics for the purposs of descriptive modeling. For example, find a good measure of overall highway safety; propose and
debate measures such as fatalities per pear, fatalities per year per driver, or fatalities per vehicle-mile traveled.

4. Add, subtract, multiply, and divide numbers expressed in scientific notation, including problems where both decimal and
scientific notation are used. Use scientific notation and choose wnits of appropriate size for measurements of very large or
very small quantities (e.g., use millimeters per year for seafloor spreading). Interpret scientific notation that has been
generated by technelogy.

5. Use and interpret quantities and units correctly in algebraic formulas.

6. Use and interpret quantities and units correctly in graphs and data displays (function graphs, data tables, scatter plots, and
other visual displays of quantitative information). Generate graphs and data displays using technology.

The Complex Number System N-CN

L. Understand that the relation #* = —1 and the commutative, associative, and distributive laws can be used to calculete with
complex nurabers.

2. sem Understand that polynomials can be factored over the complex numbers, e.g., as in ¥+ 4 = (x + 21)(x — 21),

3. stem Understand that complex numbers can be visualized on the complex plane. Real numbers correspond to points on the
horizontal {real) axis, and imaginary numbers to points on the vertical axis.

4, stem Understand that on the com plex plane, arithmetic of complex numbers can be interpreted geometrically: addition is
analogous to vector addition, and multiplication czn he understood as rotation and dilation about the origin. Complex
conjugation is reflection across the real axis.

5. stem Understand that an the complex plane, as on the real line, the distance between numbers is the absolute value of the
difference, and the midpoint of a segnient is the average of the numbers at its endpoints.

6. Add, subtract, and multiply complex numbers.

7. smM Find the conjugate of a complex number; use conjugates to find absclute values and quotients of complex numbers.

3. sTeM Solve quadratic equations with real coefficients that have complex solutions using a variety of methads.

9. stem Graph complex numbers in rectangular form.

10. stem Graph complex numbers in polar form and interpret arithmetic operations on complex numbers geometricaily.

11.s1em Explain why the rectangular and polar forms of 2 complex number represent the same number.

* Standard with close connection to modeling.

Common Core State Standards | Mathematics | High School 7 a4



Vector Quaniities and Matrices ' N-VM

1.

stem Understand that vector quantities have both magnitude and direction. Vector quantities are typically represented by
directed line segments. The magnitude of a vector v is commonly denoted | v| or ||v]].

stem Uinderstand that vectors are determined by the coordinates of their initial and terminal points, or by their
components.

s7em Understand that vectors can be added end-to-end, compenent-wise, or by the parallelogram rule. The magnitude of a
sum of two vectors is typically not the sum of the magnitudes.

stem Understand that a vector v can be muliiplied by a real number ¢ (called a scalar in this context) to form a new vector
cv with magnitude |cir. When [¢|v # 0, the direction of ¢v is either along v (for ¢ > 0) or against v (for ¢ < 0). Scalar
multiplication can be shown graphically by scaling vectors and possibly reflecting them in the origin; scalar multiplication
can also be performed component-wise, e.g., as ¢(v,, ) = (v, cv).

stem Understand that vector subtraction v — w is defined as v + (—w). Two vectors can be subtracted graphicaily by
connecting the tips in the appropriate order. '

stem Understand that matrices can be multiplied by scalars to produce new matrices, e.g., as when al! of the payotfsin a
game are doubled. Matrices of the same dimensions can be added or subtracted. Matrices with compatible dimensions can
be multiplied. Unlike multiplication of munbers, matrix multiplication is not a commutative operaticr, but still satisfies
the associative and distributive laws.

stem Understand that a vector, when regarded as a matrix with one column, can be multiplied by a matrix of suitable
dimensions to produce another vector. A 2 X 2 matrix can be viewed as a transformation of the plane.

steM Understand that 2 system of linear equations can be represented as a single matrix equation in 2 vector variable.

9. stem Understand that the zero and identity matrices play 2 role in matrix addition and multiplication similar to the roe of 0

10.
11,
12.
13.
14.
15.
16.

and 1 in the real numbers. The determinant of a square matrix is nonzero if and only if the matrix has a multiplicative
inverse.

stem Perform basic vector operations (addition, subtraction, scalar multiplication) both graphically and algebraically.

sTeM (Given two vectors in magm'tude and direction form, determing the magm'tude and direction of their sum.

stem Solve problems involving velocity and quantities that can be represented by vectors.

stem Add, subtract, and multiply matrices of appropriate dimensions.

s1eM Use matrices to store and manipulate data, e.g., to represent payoffs or incidence relationships in a network.

stem Represent systems of linear equations as matrix equations.

stem Find the inverse of a matrix if it exists and use it to solve systems of linear equations (using technology for matrices of

dimension greater than 3 x 3).

*
Standard with close connection to modeling.
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Mathematics | High School-Algebra

Expressions. An expression is a description of a computation on numbers and symbols that represent numbers,
using arithmetic operations and the operation of raising a number to rational exponents. Conventions about the use of
parentheses and the order of operations assure that each expression is unambiguous. Creating an expression that
describes a computation involving a general quantity requires the ability to express the computation in general terms,
abstracting from specific instances.

Reading an expression with comprehension involves analysis of its underlying structure. This may suggest a
different but equivalent way of writing the expression that exhibits some different aspect of its meaning. For
example, p + 0.05p can be interpreted as the addition of a 5% tax to 2 price p. Rewnriting p + 0.05p as 1.05p shows
that adding a tax is the same as multiplying the price by a constant factor.

Algebraic manipulations are governed by deductions from the commutative, associative, and distributive laws
and the inverse relationships between the four operations, and the conventions of algebraic notation. These extend
what students have learned about arithmetic expressions in K-8 to expressions that involve expenents, radicals, and
representations of real numbers, and, for STEM-intending students, complex numbers.

At times, an expression is the result of applying operations to simpler expressions. Viewing such an expression
by singling out these simpler expressions can sometimes clarify its underlying structure.

A spreadsheet or & CAS environment can be used to experiment with algebraic expressions, perform complex
algebraic manipulations,and understand how algebraic manipulations behave.

Equations and inequalities. An equation is 2 statement that two expressions are equal. Solutions to an
equation are numbers that make the equation true when assigned to the variables in it. If the equation is true for all
numbers, then it is called an identity; identities are often discovered by using the laws of arithmetic or the laws of
exponents to transform one expression into another.

The solutions of an equation in one variable form a set of numbers; the solutions of an equation in two variables
form a set of ordered pairs of numbers, which can be graphed in the coordinate plane. Two or more equations and/ or
inequalities form a system. A solution for such a system must satisfy every equation and inequality in the system.

An equation can often be solved by successively transforming it into one or more simpler equations. The process
is governed by deductions based on the properties of equality. For exarnple, one can add the same constant to both
sides without changing the solutions, but squaring both sides might lead to extraneous solutions. Strategic
competence in solving includes looking ahead for productive manipulations and anticipating the nature and number of
solutions.

Some equations have no solutions in a given number system, stimulating the extension of that system. For
example, the solution of x + 1 = Oisan integer, not a whole number; the solution of 2x + 1 = 0 is a rational number,
not an integer; the solutions of ¥ —2 = Q are real numbers, not rational numbers; and the sclutions of ¥ + 2 = 0 are
complex numbers, not real numbers.

The same solution techniques used to solve equations can be used to rearrange formulas. For example, the
forrula for the area of a trapezoid, 4 = ((b,1b,)/2)h, can be solved for A using the same deductive process.

Inequalities can be solved by reasoning about the properties of inequality. Many, but notall, of the properties of
equality continue to hold for inequalities and can be useful in solving themn.

Connections to Functions and Modeling. Expressions can define functions, and equivalent expressions define the same
function. Equations in two variables may also define functions. Asking when two functions have the same value leads
to an equation; graphing the two functions allows for the approximate solution of the equation. Converting a verbal
description to an equation, inequality, or system of these is an essential skill in modeling.

Content Outline

Seeing Structure in Expressions
Arithmetic with Polynomials and Rational Expressions
Creating Equations that Describe Numbers or Relationships

Reasoning with Equations and Inequalities
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Seeing Structure in Expressions ASSE

1.

Understand that different forms of an expression may reveal different properties of the quantity in question; a purpose in
transforming expressions is to find those properties. Examples: factoring a quadratic expression reveals the zeros of the function it
cfefines,- aad putting the expression In vertex farm reveals its maximum or minimum value; the gxpression 1.15° can be rewritten as

(1 .151”2)12: ~ 1 .01212; to reveal the appmximate eqm’va]ent mnntﬁ])/ interest rate fftfle annual rate is 15%.

2. Understand that complicated expressions can be interpreted by viewing one or more of their parts as single entities.

3. Interpretan expression that represents a quantity in terms of the context. Include interpreting parts of an expression, such as
terms, factors and cogﬁ?cjents.*

4. Factor, expand, and complete the square in quadratic expressions.

See expressions in different ways that suggest ways of transforming them. For example, see 2" — y* as (%) — (#*)?, thus
recognizing it as a difference of squares that can be factored as (Jc2 - _)fz) (xz + yl).
Rewrite expressions using the laws of exponents. For example, (Xuz = and I/ =x".

7. Use the laws of exponents to interpret expressions for exponential funciions, recognizing positive rational exponents as
indjcating roots of the base and negative exponents as indicating the reciprocal of a power, For example, identify the per unit
percentage change in functions such as p = (1.02), p = (0.97, y = (101, p = (1.2)"", and conclude whether it represents
exponential groweh or decay. Recognize that any nenzero number raised to the zero power is I, for example, 12(1.05)D = 12. Avoid
commen errors such as confusing 6(1.05Y with (6:1.05)" and 5(0.03) with 5(1.03)".

8. steM Prove the formula for the sum of a geometric series, and nse the formula to solve problems.

Arithmetic with Polynomials and Raticnal Expressions AAPR

1. Understand that pelynemials form a systern analogous to the integers, namely, they are cdlosed under the operatiens of
addition, subtraction, and multiplication.

2, Understand that polynomial identities become true statements no matter which real numbers are substituted. For example,
the polynomial identity (JL'2 + ]2)2 = (x2 — _)'2)2 + (2;:])2 can be used to generate Pythagorean triples.

3. Understand the Remainder Theorem: For 2 polynomial p{x) and a number a, the remainder on division by x— a is p(a), so
p(a) = 0 if and only if (x — g} is a factor of p(x).

4. s1em Understand that the Binemial Theorem gives the expansion of (x + a)” in powers of x for a positive integer n and a real
number a, with coefficients determined for example by Pascal’s Triangle. The Binomial Theorem can be proved by
mathematical induction or by a combinatorial argument.

5. s7em Understand that rational expressions are quotients of polynomials. They form a system analogous to the rational
numbers, closed under division by a nonzero rational function.

Add, subtract and multiply polynomials.

7. Identify zeros of polynomials when suitable factorizations are available, and use the zeros to construct a rough graph of the
polynomial.

8. Transform simple rational expressions using the commutative, associative, and distributive laws, and the inverse
relationship between multiplication and division.

9. Divide a polynemial p(x) by a divisor of the form x — a using fong division.

10. stem Identify zeros and asymptotes of rational functions, when suitable factorizations are available, and use the zeros and
asymptotes to construct a rough graph of the function.

11. stem Divide polynomials, using long division for linear divisors and long division or a computer algebra system for higher
degree divisors.

Creating Equations That Describe Numbers or Refationships AGED”

1. Understand that equations in one variable are often created ro describe properties of a specific but weknown number.

2. Understand that equations in two or more variables that represent a relationship between quantities can be built by
experimenting with specitic mmbers in the relationship.

3. Write equations and inequalities that specify an unknown quantity or to express a relationship between two or more

quantities, Use the equations and inequalities to solve problems. Include equations arising from linear and quadratic fanctions,

and simple rational and exponential functions.
P P

+*
Standard with close connection to modeling.
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4.

Rearrange formulas to highlight a quantity of interest. For example, transform Ohm’s law ¥ = IR 1o highlight resistance R; in

motion with constant acceleration, transform v oy, B 2a(x; —x) to highlight the change in position along the x-axis, A=,

Reasoning with Fquations and Inequalities ARES

1.

10.
11.
12.

13.

14.
15,
16.

17.
18.

Understand that to solve an equation algebraically, one makes logical deductions from the equality asserted by the
equation, often iu steps thatreplace it with a simpler equation whose sclutions include the solutions of the original one,

Understand that the methed of completing the square can transform any quadratic equation in x into an equivalent equation
of the form (x— p)* = ¢. This leads to the quadratic formula,

Understand that given a system of two linear equations in two variables, adding a maultiple of one equation to another
produces a system with the same solutions. This principle, combined with principles already encountered with equations in
one variable, allows for the simplification of systems.

Understand that the graph of an equation in two variables is the set of its solutions plotted in the coordinate plane, often
forming a curve or a line.

Understand that solutions to two equations in two variables correspond to points of intersection of their graphs, because
peints of intersection satisfy both equations simultaneously.

Understand that the solutions to a linear inequality in two variables can be graphed as a half-plane (excluding the boundary
in the case of a strict inequality).

Understand that solutions to several linear inequalities in two variables correspond to points in the intersection of the
regions in the plane defined by the solutions to the inequalities.

Understand that equations and inequalities can be viewed as constraints in a problern situation, e.g., inequalities describing
nutritional and cost consiraints on combinations of different foods, *

s1eM Understand that the relationship between an invertible function fand its inverze function can beused to solve equations
of the form f{x) = .

Sclve stmple ratienal and radical equations in one variable, noting and explaining extranecus solutions.
Solve linear equations in one variable, including equations with coefficients represented by letters.

Solve quadratic equations in one varieble. Include mechods such as imspection (e.g._for x* = 49), square Toots, completing the square,
the quadratic formula and factoring. Recognize when the quadratic formula gives complex solutions and write them as a T bi  for real

numbers a and b.

Solve equations flx) == g(x} approximately by finding the intersections of the graphs of f{x) and g(x), e.g. using technology to
graph the functions. Include cases where f{x) and/or g(x) are linear, polynomial, ratienal, exponential, and Ingarithmic functions,

Solve linear inequalities in one variable and graph the solution set on 2 number line.
Sclve systems of linear equations algebraically and graphically, focusing on pairs of linear equations in two variables.

Solve algebraically a simple system consisting of one linear equation and one quadratic equstion in two variables; for
example, find points of intersection between the line y = --3x and the circle ¥* + )* = 3,

Graph the solution set of a system of linear inequelities in two variables.
In medeling situations, represent constraints by systems of equations and/or inequalities, and interpret solutions of these

systems as viable or non-viable cptions in the modeling context. *

- In the context of exponential models, solve equations of the form 2 b* = d where a, ¢, and d are specific numbers and the

base his 2, 10, or e

. s7eM Relate the properties of logarithms to the laws of exponents and solve equations involving exponential functions,

. 5Tem Use inverse functions to solve equations of the form asin{bx + ¢) = d, acos(bx + ¢) = d, and atan{bz + d) = d.

*
Standard with close connection to modeling.
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Mathematics | High School—Functions

Functions describe situations where one quantity determines another. For example, the return on $10,600
invested at an annualized percentage rate of 4.25% is a function of the length of time the money is invested. Because
nature and society are full of dependencies between quentities, functions are important tools in the construction of
mathematical models.

In school mathematics, functions usually have numerical inpﬁts and outputs and are often defined by an algebraic
expression. For example, the time in hours it takes for a car to drive 100 miles is a function of the car’s speed in miles
per hour, v; the rule T(r) = 100/v expresses this relationship algebraically and defines a function whose name is T.

The set of inputs to a function is called its domain. We often infer the domain to be all inputs for which the
expression defining a function has a value, or for which the function makes sense in a given context.

A function can be described in various ways, such as by a graph (e.g., the trace of a seismograph); by a verbal
rule, as in, “I'll give you a state, you give me the capital city”; or by an algebraic expression like f{x) = a + bx. The
graph of a function is often a useful way of visualizing the relationship the function models, and manipulating a
mathematical expression for a function can throw light on the function’s properties. Graphing technology and
spreadsheets are also useful tools in the study of functions.

Functions presented as expressions can model many important phenomena. Two important families of functions
characterized by laws of growth are linear functions, which grow at a constant rate, and exponential functions, which
grow at a constant percent rate. Linear functions with a constant term of zero describe proportional relationships.

A graphing utility or a CAS can be used to experiment with properties of the functions and their graphs and to
build computational models of functions, including recursively defired functions.

Connections to Expressions, Equations, Modeling and Coordinates. Determining an output value for a particular nput
involves evaluating an expression; finding inputs that yield a given output involves solving an equation. Questions
about when two functions have the same value lead to equations, whose solutions can be visualized from the
intersection of their graphs. Because functions describe relationships between quentities, they are frequently used in
modeling. Sometimes functions are defined by a recursive process, which can be displayed effectively using a
spreadsheet or other technology.

Content Outline

Interpreting Funictions

Building Functions

Linear, Quadratic, and Exponsntial Models
Trigonometric Functions

Limits and Continuityt

Differential Calculust

Applications of Derivativest

Integral Calculust

Applicaticns of Integrationt

Infinite Seriest

T Specific standards for caleulus domains are not listed.
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Interpreting Functions AF

1.

Understand that a function from one set (called the domain) to another set (called the range) assigns to each element of the
dornain exactly one element of the range. If fisa function and x is an element of its domain, then  f{x} denotes the output of

__fcorresponding to the input x.

2.

11,

Understand that functions of a single vatiable have key characteristics, including: zeros; extreme values; average rates of
change (over intervals); intervals of increasing, decreasing and/or constant behavior; and end behavior.

Understand that a function defined by an expression may be written in different but equfvalent forms, which can reveal
different properties of the function.

Use function notation and eveluate functions for inputs in their domains.

Describe qualitatively the functional relationship between two quantities by reading a graph {e.g., where the function is
increasing or decreasing, what its long-run behavior appears to be, and whether it appears to be periodic).*

Sketch a graph that exhibits the qualitative features of a function that modelsa relationship between two quantities.*

Compare properties of two functions represented in different ways (aigebraically, graphically, numerically in tables, or by
verbal descriptions). For example, draw conclusions abouz the graph of a quadratic funetion from its algebraic expression.

Relate the domain of a function to its graph and, where applicable, to the quantitative relationship it describes. For exam ple,
if the fincrion b(n) gives the number of person-hours it takes to assemble n engines in a factory, then the positive integers would be an

appropriate domain for the function. *
Describe the qualitative behavior of functions presented in graphs and tables. Identif: intercepts; intervals where the function is

increasing, decreasing, positive or negative; relative maximums and minfums; spmmetries; end behavior; and perdodicity,

. Use technology to exhibit the effects of parameter changes an the graphs of linear, power, quadratic, square root, cube

root, and polynomial fiunctions, and simple rational, exponential, logarithmic, sine, cosine, absolute value, and step

fimetions. ™

Transform quadratic polynomials algebraically to reveal different features of the fmction they define, such as zeros,
extreme values, and symmetry of the graph.

Building Functions - ABF

1.
2.
3.

Understand that functions can be described by specifying an explicit expression, a recursive process or steps for calculation.
Understand that sequences are functions whose domain is 2 subset of the nonnegative integers.

steM Understand that composing a function fwith a function g creates a new function called the composite function—for an
input mmber x, the output of the compesite function is f{g(x)).

stem Understand that the inverse of an invertible function “undoes” what the function does; that is, composing the function
with its inverse in either order returns the original input. One can sometimes produce an invertible function from a non-
invertible function by restricting the dormain (e. 2., squaring {s not an invertible function on the real numbers, but Squaring
is invertible on the nonnegative real numbers).

5. Write a function that describes a relationship between two quantities, for example by varying parameters in and combining
standard function types (such as linear, quadratic or exponential functions). Use technology to experiment with parameters
and to illustrate an explanation of the behavior of the function when parameters vary.

Solve preblems involying linear, quadratic, and exponential fanctions. ™

7. Identify the effect on the graph. of replacing f{x) by f{x) + &, f(x), f(kx), and f{x + k) for specific values of k (both positive
and negative); find the value of k given the graphs. Experiment with cases and illustrate an explanation of the effects on the
graph using technology.

8. (Generate an arithmetic or geometric sequence given a recursive rule for the sequence.*

9. Asaway to describe routine modeling situations, write arithmetic and geometric sequences both recursively and in closed
form, and translate between the two forms. ™

10. stem Evaluate composite functions and compose functions symbolicalty.

11. s1em Read values of an inverse function from a graph or a table, given that the function has an inverse.

12. stem For linear or simple exponential functions, find a formula for an inverse function by solving an equation.

13. stem Verify symbolically by composition that one function is the inverse of another.

Linear, Quadratic, and Exponential Models ALQE
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Understand that a linear function, defined by f(x) = mx + b for some constants m and b, models 2 situation in which a

quantity changes at a constant rate, m, relative to another.™

2, Understand that quadratic functions have maximum or minimurn values and can be used to model preblems with optimum
solutions. ™

3. Understand that an exponentfal function, defined by f{x) = ab® or by f{x) = a(1 -+ 1" for some constants a, b > 0 and r > -1,
models a situation where a quantity grows or decays by a constant factor or a constant percentage change over each unit
interval *

4. Understand that linear functions grow by equal differerces over equal intervals; exponential functions grow by equal
factors over equal fatervals, ™

§. Understand that in an arithmetic sequence, differences between consecutive terms form a constant sequence, and second
differences are zero. Conversely, if the second differences are zero, the sequence is arithmetic. Arithmetic seqUences can
be seen as linear functions.*

6. Understand that in a sequence that increases quadratically (e.g., a, = 3a” * 2n ++ 1), differences between consecutive terms
form an arithmetic sequence, and second differences form a constant sequence. Conversely, if the second differences form
a constant sequence with nonzero value, the sequence increases quadratically. *

7. Understend that in 2 geometric sequence, ratios of consecutive terms are all the same, *

8. Understand that a quantity increasing exponentially eventually exceeds a quantity increasing linearly, quadratically, or
(more generally) as 2 polynomial functicn., *

9. Caleulate and interpret the average rate of change of a function {presented symbolically or as a table} over a specified
interval. Estimate the rate of change from = graph.*

18, Construct a function to describe a linear relationship between two quantities. Determine the rate of change and constant
term of a linear fisnction from a graph, @ description of a relationship, or from two (x, 5} values (include reading these from
atable).® :

11. Use quadratic functions to model problems, e.g., in situations with optimum selutions. *

12. Construct an exponential function in the form f{z) = a{1 +1)" or f(x) = ab" to descrige a relaticnship in which cne quantity
grows with respect to another at a constant percent growth rate or a with a constant growth factor. *

13. Interpret the rate of change and constant term of a linear function or sequence in terms of the situation it models, and in
terms of its graph or a table of values. ™

14. Caleulate and interpret the growth factor for an exponential function (presented symbolically or as a table) given a fixed
interval. Estimate the growth factor from a graph.*

15. Recognize a quantitative relationship as linear, exponential, or neither from description of a situation.

16. Compare quantities increasing exponentially to quantities increasing linearly or as a polynomial fanction. *

Trigonometric Functions F-TF

1. srem Understand that the unit circle in the cocrdinate plane enables one to define the sine, cosine, and tangent fimcticns for
real numbers.

2. stem Understand that trigonometric functions are periodic by definition, and sums and products of functions with the same
period are periodic.

3. stem Understand that restricting trigonometric functions to a domain on which they are always increasing or always
decreasing allows for the construction of an inverse function,

4. sTeM Revisit trigonometric functions and their graphs in terms of radians.

5. stem Use the unit circle to determine geometrically the values of sine, cosine, tangent for integer multiples of 7t/4 and 7/6.

6. stem Use the unit circle to explain symmetry (odd and even) and perisdicity of trigonometric functions.

7. stem Solve simple trigonometric equations formally using inverse trigenometric functicns and evaluate the solutions
nurrerically using technolo gy- Solving trigonometric equarions by means of the quadratic formula is optional.

Limits and Continuity? FLC

Standard with close connection to modeling.

T Specific standards for calculus domains are not listed,
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Differential Calculust

F-DC

Appiications of Derivativest FAD
Integrai Calculust FIC
Applications of Integration? P

FiS

Infinite Seriest

¥ Specific standards for caleuius domains are not listed.
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Mathematics | High School—-Modeling
Modeling links classroom mathematics and statistics to everyday life, work, and decision-making. Modeling is the

process of choosing and using appropriate mathematics and statistics to analyze empirical situations, to understand
them better, and to improve decisions. Quantities and their relationships in physical, economie, public policy, social
and everyday situations can be modeled using mathematical and statistical methods. When making mathematical
models, technology is valuable for varying assumptions, exploring consequences, and comparing predictions with
data.

A model can be very simple, such as writing totel cost as a product of unit price and number bought, or using a
geometric shape to describe a physical object like a coin. Even such simple models involve making choices. It is up to
us whether to model a coin as a three-dimensional cylinder, or whether a two-dimensional disk works well enough
for our purposes. Other situations—modeling a delivery route, a production schedule, or a comparison of loan
amortizations—uneed more elaborate models that use other tools from the mathematical sciences. Real-world
situations are not organized and labeled for analysis; formulating tractable models, representing such models, and
analyzing them is appropriately a creative process. Like every such process, this depends on acquired expertise as well
as creativity.

Some examples of such situations might include:

&  Estimating how much water and food is needed for emergency relief in a devastated city of 3 million people, and how it
might be distributed.

®  Planning a table tennis tournament for 7 players at a club with 4 tebles, where each player plays against each other
player.

@  Designing the layout of the stalls in a school fair so as to raise as much money as possible.

*  Amlyzing stopping distance for a car.

a  Modeling savings account balance, bacterial colony growth, or investment growth.

®  Critical path analysis, e.p., applied to turnaround of an aircraft at an airpert.

s Risk situations, like extreme sports, pandemics and terrorism.

#  Releting population statistics to individual predictions.

In situations like these, the models devised depend on a number of factors: How precise an answer do we want
or need? What aspects of the situation do we most need to understand, control, or optimize? What resources of time
and tools do we have? The range of reodels that we can create and analyze is also constrained by the limitations of our
mathematical, statistical, and technical skills, and our ability to recognize significant variables and relationships among
them. Diagrams of various kinds, spreadsheets and other technology, and algebra are powerful toals for
understanding and solving problems deawn from different types of real-world situations.

One of the insights provided by mathematical modeling is that essentially the same mathematical or statistical
structure can model seemingly different situations. Models can also shed light on the mathematical structures
thernselves, for example as when a model of bacterial growth makes more vivid the explosive growth of the
exponential function.

The basic modeling cycle is summarized in the diagram. It involves (1) @:{2 @
identifying variables in the situation and selecting those than represent
essential features, (2) formulating a model by areating and selecting "'—é/@—f
geometric, graphicgl, tabular, algebraic, or statistical representations that T
describe relationships between the variables, (3) analyzing and performing [ Compate H — ]
operations on these relationships to draw conclusions, (4) interpreting the
results of the mathematics in terms of the original situation, (5) validating the conclusions by comparing them with
the situation, and then, either improving the model or, if it is acceptable, (6) reporting on the conclusions and the
reasoning behind them. Choices, assumptions and approximations are present throughout this cycle.

In deseriptive modeling, a model simiply describes the phenomena or summarizes them in a compact form.
Graphs of observations are a familiar descriptive model—for example, graphs of global temperature and atmospheric
CO, over time.

Analytic modeling seeks to explain data on the basis of deeper theoretical ideas, albeit with parameters that are
empirically based; for example, exponential growth of bacterial colonies (until cut-off mechanisins such as pollution
or starvation intervene) follows from a constant reproduction rate. Functions are an important tool for analyzing such
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problems.
Graphing utilities, spreadsheets, CAS environments, and dynamic geometry software are powerful tools that can

be used to model purely mathematical phenomena (e.g., the behavior of polynomials) as well as physical phenomena.

Modeling Standards
Modeling is best interpreted not as a collection of isolated topics but rather in relation to other standards. Making mathematical
models is a Standard for Mathematical Practice, and specific modeling standards appear throughout the kigh school standards

indicated by a star symbol ().
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Mathematics | High School—5tatistics and Probability*

Dedcisions or predictions are often based on data—snurmnbers in context. These decisions or predictions would be
easy if the data always sent a clear message, but the message is often obscured by variability. Statistics provides tools
for describing variabi]ity in data and for malc'mg informed decisions that take it into account.

Data are gathered, displayed, summarized, examined, and interpreted to discover patterns and deviations from
patterns. Quantitative data can be described in terms of key characteristics: measures of shape, center, and spread.
The shape of a data distribution might be described as symmetric, skewed, flat, or bell shaped, and it might be
summarized by a statistic measuring center (such as mean or median) and 2 statistic measuring spread (such as
standard deviation or interquartile range). Different distributions can be compared numerically using these statistics
or compared visually using plots. Knowledge of center and spread are not enough to describe 2 distribution. Which
statistics to compare, which Plots to use, and what the results of 2 comparison might mearn, depend on the question to
be investigated and the real-life actions to be taken.

Randomization has two important uses in drawing statistical conclusions. First, collecting data from a random
sample of a population makes it possible to draw valid conclusions about the whole population, taking variability into
account. Second, randomly assigning individuals to different treatments allows a fair comparison of the effectiveness
of those treatrents. A statistically significant outcome is one that is unlikely to be due to chance alone, and this can be
evaluated only under the condition of randomness. The conditions under which data are callected are important in
drawing conclusions from the data; in critically reviewing uses of statistics in public media and other reports it is
important to consider the study design, how the data were gathered, and the analyses employed as well as the data
summaries and the conclusions drawn.

Random processes can be described mathematically by using a probability model. One begins to make a
probability model by listing or deseribing the possible outcomes (the sample space) and assigning probabilities. In
situations such as flipping a coin, rolling 2 number cube, or drawing a card, it might be reasonable to assume various
cutcomes are equally likely. In a probability model, sample points represent outcomes and combine to make up
events; probabilities of events can be computed by applying the additive and multiplicative laws of probability.
Interpreting these probabilities relies on an understanding of independence and conditicnal probability, which can be
approached through the analysis of two-way tables.

Technology plays an important role in statistics and probability by maling it possible to generate plots, functional
models, and correlation coefficients, and to simulate many possible outcomes in a short amount of time.

Connections to Functions and Modeling. Functional models may be used to approximate data; if the data are
approximately linear, the relationship may be modeled with a regression line and the strength and direction of such a
relationship may be expressed through a correlation coefficient.

Content Outline
Summartizing Categorical and Measurement Data

Probability Models

Independently Combined Probability Models

Making Inferences and Justifying Conclusions Drawn from Data
Conditional Probability and the Laws of Probabitity
Experimenting and Simulating to Model Probabilities

Using Probability to Make Decisions

k.1
Most or all of the standards in Statistics and Probability bave a close connection to modeling.
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Summarizing Categorical and Quantitative Data 55

1.

9,

Understand that statistical methods take varizbility into account to support making informed decisions based on data
collected to answer specific questions.

Understand that visual displays and summary statistics condense the information in data sets into usable knowledge.
Understand that patterns of association or relationships between variables may emerge through careful analysis of multi-
variable data.

Summarize comparative or bivariate categorical data in two-way frequency tables. Interpret joint, marginel and conditional

relative frequencies in the context of the data, recognizing possible asscciations and trends in bivariate categorical data.

Compare data on two or more count or measurement variables by using plots on the real number line (dot plots,
histograms, and box plots). Uss statistics appropriate to the shape of the data distribution to summarize center (median,
mean) and spread (interquartile range, standard deviation) of the data sets. Interpret changes in shape, center, and spread
in the context of the data sets, accounting for possible effects of extreme data points (outliers).

Represent bivariate quantitative data on a scatter plot and describe how the variables are related.

Fit 2 linear function for scatter plots that suggest a linear association. Informally assess the fit of the model function by
plotting and analyzing residuals.

Use a model function fitted to the data to solve problems in the context of the data, interpreting the slope (rate of change)
and the intercept (constant term). ' .

Compute (using technology} and interpret the correlation coefficient for a lincar relationship between variables.

10. Distinguish between correlation and causation.

Probability Models 5PM

1.

Understand that iv a probability model, individual outcomes have probabilities that sum to 1. When outcomes are
categorized, the probability of a given type of cutcome is the sum of the probabilities of all the individual outcomes of that
ty‘Pe.
Understand that uniform probability models are useful models for processes such as (i) the selection of a person from a
population; (ji) the selection of a number in a lottery; (iii) any phiysical situation in which symmetry sugpests that different
individual outcomes are equally likely.
Understand that two different empirical probability models for the same process will rarely assign exactly the same
probability to a given type of outcome. Butif the data sets are large and the methods used to collect the data for the two
data sets are consistent, the agreement between the models is likely to be reasonably good.
Understand thata (theoretical) uniform probebility model may be jadged by comparing it to an empirical probability
model for the same process. If the theoretical assumptions are appropriate and the data set is large, then the two models
should agree approximately, If the agreement is not good, then i may be necessary to modify the assumptions underlying
the theoretical model or look for factors that might have affected the data used 1o create the empirical model.
Use a uniform probability mode} to compute probabilities for a process involving uncertainty, including the randem
selection of a person from a population and physical situations where symmetry suggests that different individual outcomes
are equally likely.

a. List the individual outcomes to create a sample space.

b. Label the individual cutcomes in the sample space te reflect important characteristics or quantities associated with

them.
. Determine probabilities of individual outcomes, and determine the probability of a type or category of outcome as the
fraction of individual outcomes it includes,

6.  Generate data by sampling, repeated experimental trials, and simulations. Record and appropriately label such data, and
use them to construct an empirical probability model. Compute probabilities in such models.
7. Compare prohabilities from a theoretical model to probabilities from a corresponding empirical model for the same
sitiation. If the agreement is not good, explain possible sources of the disevepancies.
Independently Combined Probability Models SIPM
1. Understand that to describe a pair of random processes (such as tossing a coin and rolling 2 number cube), or one random

process repeated twice (such as randomly selecting a student in the class on two different days), two probability models
can be combined into a single model.
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a. The sample space for the combined model is formed by listing all possible ordered pairs that combine an individual
outcome from the first model with an individual outcome from the second. Bach ordered pair is an individual
outcome in the combined model.

b. The total number of individual cutcomes (ordered pairs) in the combined model is the product of the number of
individual outcomes in each of the two original models.

2. Understand that when two probability models are combined independently, the probability that one type of outcome in
the first mode} occurs together with another type of outcome in the second model is the product of the two
corresponding probabilities in the original models (the Multiplication Rule).

3. Combine two uniform models independently to compute probabilities for a pair of random processes (e-g-, flipping a coin
twice, selecting one person from each of two classes). )

a. Use organized lists, tables and tree diagrams to represent the combined sample space.
b. Determine probabilities of ordered pairs in the combined model, and determine the probability of a particular type or
category of outcomes in the combined model, as the fraction of ordered pairs corresponding to it.

4. For two independently combined uniform models, use the Multiplication Rule to determine probabilites.

Making Inferences and Justifying Conclusions S0

I. Understand that statistics is a process for making inferences about population parameters based on a semple from that

population; randemness is the foundation for statistical inference.

2. Understand that the design of an experiment or sample survey is of critical importance to analyzing the data and drawing

conclusions.
Understand that simulation-based techniques are powerful tools for making inferences and justifying conclusions from data,

4. Use probabilistic reasoning to decide if a specified model is consistent with results from a given data-generating process.

{For example, a model says a spinning coin falls heads up with probability 0.5, Would a result of 5 tails in a row cause you
to question the model?)

5. Recognize the purposes of and differences among sample surveys, experiments and observational studies; explain how

randomization relates to each.

6. Use data from a sample survey to estimate a population mean or proportion; develop a margin of error through the use of
simulation models for random sampling.

7. Use data from a randomized experiment to compare two treatments; justify significant differences between parameters
through the tse of simulation models for random assignment.

&. Evaluate reports based on data.

Conditional Probability and the Laws of Prohability s0p

1. Understand that events are subsets of a sample space; often, events of interest are defined by using characteristics (or
categories) of the sample points, or as wnions, intersections, or complements thereof (“and,” “or,” “not”). A sample point
may belong to several events (categories).

2. Understand that if A and B are two events, then ia a uniform model the conditional probability of A given B, denoted by
P(A l B), is the fraction of B's sampie [points that also lie in A.
Understand that the laws of probability allow one to use known probabilities to determine other probabilities of interest.

4. Compute probabilities by constructing and anslyzing sample spaces, representing them by tree diagrams, systematic lists,
and Venn diagrams.

5. Use the laws of probability to compute probabilities.

6. Apply concepts such as intersections, unions and complements of events, and conditional probabflity and independence to
define or analyze events, calculate probabilities and solve problems.

7. Constructand interpret two-way tables to show probabilities when two characteristics (or categories) are associated with
cach sample point. Use a two-way table to determine conditional probabilities. *

8. Recognize and explain the concepts of conditional probability and independence in everyday language and everyday
situations. *

9. Use permutations and combinations to compute probabilities of compound events and salve problems.

*
Standard with close connection to modeling.
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Experimenting and Simulating to Model Probabilities SES

1.

Understand that sets of data obtained from surveys, simidations or other means can be used as probability models, by
treating the data set itself as a sample space, in which the sample points are the individual pieces of data.

2. Understand that the probability of an cutcome can be interpreted as an assertion about the long-run propertion of the
outcome’s occurrence if the random experiment is repeated a large number of times.

3. Calculate experimental probabilities by performing simulations or experiments involving a probability model and using
relative frequencies of cutcomes.

4. Compare the results of simulations with predicted probabilities. When there are substantial discrepancies between
predicted and chserved probabilities, explain them.

5. Use the mean and standard deviation of a data set to fit it to 2 normal distribution and to estimate population percentages.
Recognize that there are data sets for which such a procedure is not appropriate. Use caloulators, spreadsheets and tables to
estimate areas under the normal eurve.

Using Probability 1o Make Decisions SMD

1. Understand that the expected value of a random variable is the weighted average of its possible values, with weights given
by their respective probabilities.

2. Understand that when the possible outcomes of a decision can be assigned probabilities and payoff values, the deciston can
be analyzed s a random variable with an expected value, e.g., of an investment.

3. Calculate expected value, e.g. to determine the fair price of an investment.

4. Use probabilities to make fair decisions {e.g., drawing by lots, using a random number generater).

5. Evaluate and compare two investments or strate gies with the same expected value, where one investment or strategy is
safer than the other.

6. Evaluate and compare two investments or strategies, where ane investment or strategy is safer but has lower expected
value. Include large and small investments, and situations with serjous consequences.

Analyze decisions and strategies using probability concepts {e.g. product testing, medical testing, pulling a hockey goalie at

the end of a game).
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Mathematics | High School—Geometry

An understanding of the attributes and relationships of geometric objects can be applied in diverse contexts—
interpreting a schematic drawing, estimating the amount of wood needed to frame a sloping roof, rendering
computer graphics, or designing a sewing pattern for the most efficient use of material.

Understanding the attributes of geometric objects often relies on measurement: a circle is a set of points ina
plane at a fixed distance from a point; a cube is bounded by six squares of equal area; when two parallel lines are
crossed by a transversal, pairs of corresponding angles are congruent.

The concepts of congruence, similarity and symmetry can be united under the concept of geometric
transformation. Reflections and rotations each explain a particular type of symmetry, and the symmetries of an object
offer insight into its attributes—as when the reflective symmetry of an isosceles triangle assures that its base angles
are congruent. Applying  scale transformation to a geometric figure yields a similar figure. The transformation
preserves angle measure, and lengths are related by a constant of proportionality.

The definitions of sine, cosine and tangent for acute angles are founded on right triangle similarity, and, with the
Pythagorean theorem, are fundamental in many real-world and theoretical situations.

Coordinate geometry is a rich field for exploration. How does a geometric transformation such as a translation or
reflection affect the coordinates of points? How is the geometric definition of a circle reflected in its equation?
Coordinates can describe locations in three dimensions and extend the use of algebraic techniques to problems
invalving the three-dimensional world we live in.

Dynamic geometry environments provide students with experimental and modeling tools that allow them to
investigate geometric phenomena in much the same was as CAS envircnments allow them to experiment with

algebraic phenomena.

Comnections ro Equations and Inequalities. The correspendence between numerical coordinates and geometric points
allows methods from algebra to be applied to geometry and vice versa. The solution set of an equation becomes a
geometric curve, making visualization a tool for doing and understanding algebra. Geometric shapes can be described
by equations, making algebraic manipulation into a tool for geometric understanding, modeling and proof.

Content Outline

Congruence

Similarity, Right Triangles, and Trigenormetry
Circles

Expressing deometric Properties with Equations
Trigonometry of General Triangles

Geometric Measurement and Dimension

Modeling with Geometry
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Congruence i G-CO

1.

Undexstand that two geometric figures are congruent if there is a sequence of rigid motions (rotations, reflections,
ranslations) that carries one onto the other. This is the principle of superposition.

Understand that criteria for triangle congruence are ways to specify enough measures in a triangle to ensure that all
triangles drawn with those measures are congruent.

Understand that criteria for triangle congruence (ASA, SAS, and S55) can be established using rigid motions.

4. Understand that geometric diagrams can be used to test conjectures and identify logical errors in fallacious proofs.

5. Know and use (in reasoning and problem solving) definitions of angles, pelygons, parallel, and perpendicular lines, rigid
motions, parallelograms and rectangles.

6. Prove theorems abont lines and anglcs. Theorems include: yertical angles are congruent; when a transversal crosses parailel lines,
alternate interior angles are congruent and corzesponding angles are congruent; twe lines parallel to a third are parallel to each other;
points on a perpendicular bisector of a segment are exactly those equidistant from the segment’s endpoints,

7. Prove theorems about triangles. Theorems include: measures of interior angles of a triangle sum 1o 180°, base angles of isosceles
triangles are congruent, the triangle inequality, the longest side of a triangle faces the angle with the greatest measure and vice-versa, the
exterior-angle inequality, and the segment joining midpoints of two sides of a triangle parallel to the third side and half the length.

8. Use and prove properties of and relationships among special quadrilaterals: parallelogram, rectangle, rhombus, square,
trapezoid and kite, . ‘

9. Characterize parallelograms in terms of equality of opposite sides, in terms of equality of opposite angles, and in terms of
bisection of diagonals; characterize rectangles as parallelograms with equal diagonals.

10. Make formal geometric constructions with a variety of tools and methods (compass and straightedge, string, reflective
devices, paper folding, dynamic geometric software, etc). Copping a segment; copying an angle; bisecting a segment; bisscting an
angle; constructing perpendicular fines, including the perpendicular bisector of a line segment; and construeting @ line parallel to a given
line through a point not on the line.

11. Construct an equilateral triangle, a square and a re gular hexagon inscribed in a circle.

12. Use two-dimensional representations to transform [igures and to predict the effect of translations, rotations, and
reflections.

I3, Use two-dimensional representations to transform figures and to predict the effect of dilations,

Similarity, Right Triangles, and Trigonometry G-SRT

1. Understand that difating a line produces a line parallel to the criginal. (In particular, lines passing through the center of the
dilation remain unchanged.)

2. Understand that the dilaticn of a given segment s paralle] to the given segment and longer or shorter in the ratio given by
the scale factor. A dilation Jeaves a segment unchanged if and only if the scale factor is 1.

3. Understand that the assumed properties of dilations can be used to establish the AA, SAS, and S5 criteria for similarity of
triangles.

4. Understand that by similarity, side ratios in right triangles ave properties of the angles in the triangle, teading to definitions
of sine, cosine, and tangent.

5. Understand that a line parallel to one side of a triangle divides the other two proportionally, and conversely,

6. Use triangle similarity criteria to solve problems and to prove relationships in geometric figures. Include a proof of the
Prthagorean theorem using triangle similarity.

7. Use and explain the relationship between the sine and cosine of complementary angles.

8. Use sine, cosine, tangent, and the Pythagorean Theorem to solve right *I:rl"mgles2 in applied problems.

9. smm Give an informal explanation using successive approximation that a dilation of scale factor r changes the length of 2
curve by a factor of r and the avea of a region by a factor of 7.

Circles GG
1. Understand that dilations can be used to show that all circles are similar.
2. Understand that there is a unique circle through three non-collinear points, and four circles tangent to three non-

concurrent lines.

F4
A right triangle has five parameters, its three lengths and twe acute angles. Given a length and any other parameter, “solving a right triangle” means finding the

remaining three parameters.
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(W8

Identify and define radius, diameter, chord, tangent, secant, and circumference.

Identify and describe relationships among angles, radii, and chords. Indude the relationship between central, inscribed and
circumscribed angles; inscribed angles on a diameter are right angles; the radius of a circle is perpendicular to the tangent: where the radius

intersects the circle.

Determine the arc lengths and the areas of sectors of circles, using proportions.

6. stem Construct a tangent line from 2 point outside a given circle to the circle.

7. stem Prove and use theorems about circles, and use these theorems to selve problems involving:

Syrumetries of a circle

a,
b, Similarity of a circle to any other

a

Tangent line, perpendicularity to a radius
d. Inscribed angles in a circle, relationship to central angles, and equality of inscribed angles

. Properties of chords, tangents, and secants as an application of triangle similarity.

Expressing Geometric Properties with Equations G-GPE

1.

Understand that two lines with well-defined slopes are perpendicular if and only if the product of their slopes is equal to —
1.

Understand that the equation of a circle can be found using its definition and the Pythagorean Theorem.

3. Understand that transforming the graph of an equation by reflecting in the axes, translating parallel to the axes, or applying

a dilation in one of the coordinate directions corresponds to substitutions in the equation.

s1eM Understand that an ellipse is the set of all points whose distances from two fixed points (the foci) are a constant sum.
The graph of #*/d’ -+ y* /" = 1 is an ellipse with foci on one of the axes.

stem Understand that a parabola is the sct of points equidistant from a fixed point {the focus) and a fixed line (the directrix).
The graph of any quadratic function is a parabola, and all parabolas are similar. -

stem Understand that the formula 4 = %ab for the area of an ellipse can be derived from the formula for the area of 2
circle.®

Use the slope criteria for parallel and perpendicutar lines to solve geometric preblems {e.g., find the equation of a line
parallel or perpendicular to a given line that passes through a given poing).

8. Find the point on the segment between two given points that divides the segment in a given ratio.

10.
i1,

12,
13.

Use coordinates to compute perimeters of polygons and areas for triangles and rectangles, ¢.g. using the distance
formula. ™

Decide whether a point with given coordinates lies on a circle defined by a given equation.

Use coordinates to prove simple geometric theorems algebraically. For example, prove or disprove that a figure defined by
four given points in the coordinate plane is a rectangle; prove or disprove that the point (1, y 3) lies on the circle centered
at the origin and containing the point (0, 2.

Complete the square to find the center and radius of a circle given by an equation.

stem Find an equation for an ¢lflipse given in the coordinate plane with majer and minor axes parailel to the coordinate axes.

14, stem Caleulate areas of ellipses to solve ‘Problems.*

Trigenometry of General Triangles GTGT

1.

st Understand that the formula A = % ab sin(C) for the area of'a triangle can be derived by drawing an auxiliary line
from a vertex perpendicular to the opposite side. Applying this forraula in three different ways leads to the Law of Sines.

stem Understand that the Law of Cosines generalizes the Pythagorean Theorem.

stem Understand that the sine, cosine and tangent of the sum or difference of two angles can be expressed in terms of sine,
cosine, and tangent of the angles themselves using the addition formulas,

steM Understand that the Laws of Sines and Cosines embody the triangle congruence criteria, in that three pieces of
information are usually sufficient to completely solve a triangle. Furthermore, these laws yield two possible solutions in the
ambiguous case, illustrating that “Side-Side-Angle” is not a congruence criterion.

sTEM Explain proofs of the Law of Sines and the Law of Cosines.

*
Standard with close connection to modeling,
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6. sTEM Use the Law of Sines and the Law of Cosines to find unknown measurements in right and non-right triangles (e.g.,

surveying problems, resultant forces).
Geometric Measurement and Dimension G-GMD

L. Understand that the area of a decomposed figure is the sum of the arcas of its components and is independent of the choice
of dissection.

2. stem Understand that lengths of curves and areas of curved regions can be defined using the informal noticu of limit.

3. srem Understand that Cavalieri’s principle allows one to understand vohmue formulas informally by visualizing volumes as
stacks of thin slices.

4. Find areas of polygons by dissecting them into triangles.

5. Explain why the volume of a cylinder is the area of the base times the height, using informal arguments.

6. For a pyramid or a cone, give a heuristic arqument to show why its volume is one-third of its height times the area of its

base.

7. Apply formulas and solve problems involving volume and surface area of right prisms, right civcular cylinders, right
pyramids, cones, spheres and composite figures.

8. st [dentify cross-sectiona] shapes of slices of three-dimensional abjects, and identify three-dimensional objects generated
by rotations of two-dimensicnal objects.

9. srem Use the behavior of length and area under dilations to show that the circumference of a cirdle is proportional to the
radius and the area of a circle is proportional to the square of the radius. Identify the relation between the constants of
propertionality with en informal argument involving dissection and recomtposition of a circle into an approximate
rectangle,

Modeling with Geometry G-MG

1. Understand that models of objects and structures can be built from a library of standard shapes; a single kind of shape can
model secemingly different objects.."c

2. Use geometric shapes, their measures and their properties to describe objects (e.g., medeling a tree trunk or a human
torso orasa cyh'.nder).* ' ’

3. Apply concepts of density based on area and volume in modeling situations (e.g., persons per square maile, ETUs per cubic
foot).®

4. Apply geometric methods to solve design problems (e.g., designing an object or structure to satisfy constraints or minimize

cost; working with typographic grid systems based on ratios). *

*
Standard with close connection to modeling.
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Glossary

Addition and subtraction within 10, 20, or 100. Addition or subtraction of whole numbers with whole nunber answers,
and with sum or minuend at most 10, 20, or 100. Example: 8 + 2 = 10 is an addition within 10, 14 — 5 = 9 is a subtraction
within 20, and 55 — 18 == 37 is a subtracton within 100,

Additive inverses. Two numbers whose sum is 0 are additive inverses of one another. Example: 3/4 and —3/4 are additive
inverses of one another because 3/4 + (=3/4) = (~3/9) +3/4 =0

Box plot. A method of visually displaying a distribution of data values by using the median, quartiles, and extremes of the data
set. A box shows the middle 50% of the data.?

Complex fraction. A fraction A/B where A and/or B are fractions.

Congruent. Two plane or solid figures are congruent if one can be obtained from the other by a sequence of rigid motions
(rotations, reflections, and translations).

Counting on. A strategy for finding the number of objects in a group without having to count every member of the group. For
example, if a stack of books is known to have & books and 3 more beoks are added to the top, it is not necessary to count the
stack all over again; one can find the total by couating on—pointing to the top book and saying “eight,” following this with “nine,
ten, eleven. There are eleven books now.”

Decade word. A word referring to a single-digit multiple of ten, as in tweaty, thiry, forty, etc.

Dot plot. A method of visually displaying a distribution of data values where each data value is shown as a dot or mark ahove 2
number line. Also known as a line plot.’r

Dilation. A transformation that moves each point along the ray through the point emanating from a fixed center, and multiplies
distances from the center by 2 common scale factor.

Empirical probability model. A probablity model based on a data set for a random process in which the probability of a
particular type or category of outcome equals the percentage of data points included in the category. Example: Ifa coin is tossed
10 times and 4 of the tosses are Heads, then the empirical probability of Heads in the empirical probability model is /10
(equivalently 0.4 or 40%).

Equivalent fractions. Two fractions 9/} and ¢/ J that represent the same number.

Expanded form. A multidigit number is expressed in expanded form when it is written as a sum of single-digit multiples of
powers of ten. For example, 643 = 600 + 40 + 3.

First quartile. For a data set with median M, the first quartile is the median of the data values less than M. Example: For the
data set {1, 3, 6,7, 10, 12, 14, 15, 22, 120}, the first quartile is 6." See also median, third quartile, interquartile range.

Fraction Anumber expressible in the form "/ b where a is a whole number and b is a positive whole number. (The word ﬁacn‘an

Independently combined probability models. Two probability models are sazd to be combined independently if the

probability of each ordered pair in the combined model equals the product of the original probabilities of the two individual
outcomes in the ordered pair.

Integer. A number expressible in the form a or —a for some whole number a.

Interquartile Range. A measure of variation in a set of numerical data, the interquartile range is the distance between the first

and third quartiles of the data set. Example: For the data set {1, 3, 6, 7, 10, 12, 14, 15, 22, 120}, the interquartile range is 15 —
6 = 9. See also first quartile, third quartile.

Lavwws of arithmetic. See Table 3 in this Glessary.

Line plot. See dog plot.

Mean. A measure of center in a set of numerical data, comaputed by adding the values in 2 list and then dividing by the mumber of
values in the list.’ Example: For the data set {1, 3, 6, 7, 10, 12, 14, 15, 22, 120}, the mean is 21,

Mean absolute deviation. A measure of variation in a set of numerical data, computed by adding the distances between each
data value and the mean, then dividing by the number of data values. Example: For the data set {2, 3, 6, 7, 10, 12, 14, 15, 22,
120}, the mean absolute deviaton is 20.

Median. A measure of center in a set of numerical data. The median of a list of values is the value appearing at the center of a
sorted version of the list—or the mean of the two central values, if the list contains an even number of values. Example: For the

data set {2, 3, 6,7, 10, 12, 14, 15, 22, %0}, the medianis 11,

3 Adapted from Wisconsin Department of Public Instruction, http:// dpi.wi.gny/standerds/mathglos html, accessed March 2, 2010.

4 Adapted from Wisconsin Department of Public Instruction, op. dit..

5 Many different methods for computing quartiles are in use. The method defined here is sometimes called the Moore and McCabe method, See Langford, E.,
“Quartiles in Elementary Statistics,” Journal of Statistics Education Volume 14, Number 3 (2006),
6 .

To be more precise, this defines the arithmetic mean.
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Multiplication and division within 100, Multiplication or division of whole numbers with whole number answers, and
with product or dividend at most 100, Example: 72+ 8 = 9,
Multiplicative inverses. Two numbers whose product is 1 are multiplicative inverses of one another. Example: 3/4and 4/3

are multiplicative inverses of one another because 3/4 X #/3 =4/3 % 3/4 = 1.

Properties of equality. See Table 4 in this Glossary.

Properties of inequality. See Table 5 in this Glossary.

Properties of operations. Associativity and comumatativity of addition and multiplication, distributivity of multiplication over
addition, the additive identity property of 0, and the multiplicative identity property of 1.3ee Table 3 in this Glossary.
Probability. A number between 0 and 1 used to quantify likelihoed for processes that have uncertain outcomes (such as tossing
# coin, selecting a person at randem from a group of people, tossing a ball ata target, testing for a medical condition).

Rational number. A number expressible in the form 4/5 or — 4/} for some fraction 9/p. The rational numbers include the
integers.

Related fractions. Two fractions are said to be related if one denominator is a factor of the other.”

Rigid motion. A iransformation of peints in space consisting of one or more translations, reflections, and/ or rotations, Rigid
motions are here assumed to preserve distances and angle measures.

Sample space. In a probability model for a random process, a lst of the individual outcomes thatare to ke considered.
Scatter plot, A graph in the coordinate plane representing a st of bivariate data, For example, the heights and weights of a
group of people could be displayed on a scatter p?t:nf:.a

Similarity transformation. A rigid motion followed by 2 dilation.

Tape diagrams. Drawings that look like segment of tape, used to illustrate number relationships. Also known as strip
diagrams, bar models or graphs, fraction strips, or length models,

Teen number, A whole number that is greater than or equal to 11 and less then or equal to 19.

Uniform probability model. A probability model in which the individual outcomes all have the same probability (1/yif
there are N individual outcomes in the sample space}. If a given type of outcome consists of M individual outcomes, then the
probability of that type of outcome is #/ . Example: if a uniform probability model is used to model the process of randomly
selecting a person from a class of 32 students, and if § of the students are left-handed, then the probability of randomly selecting a
left-handed student.is /32 (equivalently 1/4, 0.25 or 25%).

Whole numbers. The numbers 0, 1, 2, 3, ...

¥ See Ginsburg, Letwwand and Decker (2009), Informing Grades 1-6 Mathematies Standards Development; What Can Be Learned [ from High-Performing Hong Kong, Korea,
and Singapore?, Table Al, p. A-5, grades 3 and 4.
8 Adapted from Wisconsin Department of Public Instruction, op. cit..
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TaB1E 1. Common addition and subtraction situaticns.®

Result Unknown

Change Unknovwn

Start Unknown

Two bunaies sat on the grass. Three
more bunnies hopped there. How
many bunnies are on the grass now?

Two bunnies were sitting on the
gress. Some more bunnies hopped

there. Then there were five bunnies.

Some bunnies were sitting on the
grass. Three more bunnies hopped
there, Then there were five bunnies.

Add to I4+3=7 How many bunnies hopped over to How many bunnies were on the
the first two? grass beforei
2+7=3 ?+3=5
Five apples were on the table. T ate Five apples were on the table. Tate Seme apples were on the table. Iate
two zpples. How many apples are on | some apples. Then there were three | two apples. Then there were three
Take from the table now? 2pples. How many apples did I eat? zpples. How many apples were on
§—0=7 5_3=3 the table before?
7—2=3
Total Unknown Addend TInknown Both Addends Unknown®™
Three red apples and two green Five apples are on the table, Three Grandma has five flowers. How
apples are on the table. How many are red and the restare green. How | many can she put in her red vase and

Put Together/ apples are on the table? many apples are green? how many in her blue vase?

Take Apart" 3+2=7 347=5, 5-3=7 5=0+55=5+0
5=1+45=4+1
5=2+3,5=3+2

Difference Unknown Bigger Ioknown Smaller Unknown
(“How many more?” version): (Version with “more™): (Version with “more™):
Lucy has two apples. Julie has five Julie has three more apples than Julie has three more apples than
apples. How many more apples does | Lucy. Lucy has two apples. How Lucy. Julie has five apples. How
Julie have than Lucy? many apples does Julie have? many apples does Lucy have?
a (Version with “fewer™: (Version with “fewer™:
Compare

(“How many fewer?” version):

Lucy has two apples. Julie has five
apples. How many fewer apples
does Lucy have than Julie?

2+1=5,5-2=7

Lucy has 3 fewer apples than Julie.
Lucy has two apples. How many
apples does Julie have?

24+3=2, 3+2=2

Lucy has 3 fewer apples than Julie.
Julie has five apples. How many
apples does Lucy have?

5-3=7 ?+3=5

2 Adapted from Box 2-4 of National Research Council (2009, op. cit., pp- 32, 33).
1® These take apart simations can be used to show all the decompositions of a given number, The associated equations, which have the total on the left of the equal
sign, help children understand that the = sign does not always mean makes or results in but always does mean is the same samber as.

! Either addend czn be unknown, so there are three variations of these problem situations. Both Addends Unknown is 2 productive extension of this basic
situation especiatly for small numbers less than or equal to 10.
* For the Bigger Unknown or Smaller Unknown sitvations, one version directs the correct operation {the version using more for the bigger unlnown and using less
for the smaller unknown). The other versions are more difficult.
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TABLE 2. Common multiplication and division situations.13 -

Unknown Product

Group Size Unknown
{(‘How marny in each group?” Division)

Number of Groups Unknown
{“How many groups?” Division)

IX6=?

3x?=18and 18+ 32

?x6=18and 18+6 =7

Equal Groups

There are 3 bags with 6 plums in each
bag. How many plums are there in all?

Measurement example. You need 3
lengths of string, each 6 inches long.
How much string will you need
altogether?

if' 18 plums are shared equally into 3
begs, then how many plums will be in
each bag?

Measurement example. You have 18
inches of string, which you will eut
into 3 equal pieces. How long will
each plece of string be?

If 18 plums are to be packed 6 to a
bag, then how many bags are needed?

Measurement example. You have 18
inches of string, which you will cut
into pieces that are 6 inches long.
How many pieces of string will you
have?

Arrays,|4 Area's

There are 3 rows of apples with 6
apples in each row. How many apples
are there?

Areg examp]e. ‘What is the area of a 3
em by 6 em rectangle?

18 appleé are arranged into 3 equal
rows, how many apples will be in each
row?

Area example, A rectangle has area {8

square centimeters. If one side is 3 cm
long, how long is a side next to it?

If 18 apples are arranged into equal
rows of 6 apples, how many rows will

there be?

Area example. A rectangle has area 18
square centimeters. If one side is 6 cm
long, how long is a slde next to it?

Compare

A blue hat costs $6. A red hat costs 3
times as much a5 the blue hat. How
much does the red hat cost?
Measurement example. A rubber band is
G om long. How long will the rubber
band be when it is stretched to be 3
times as long?

A red hat costs $18 and that is 3 times
as much as a blue hat costs, How
much does a blue hat cost?

Measurement example. A rubber band is
stretched fo be 18 cm long and that is
3 times as long as it was at first. How
long was the rubber band at first?

A red hat costs $18 and a blue hat
costs §6. How many times as much
does the red hat cost as the blue hat?

Measurement example. A rubber band
was 6 cm long at first. Now it is
stretched to be 18 cm long. How
many times as long is the rubber band
now as it was at first?

General

axb=7

aXx7?=pandpta=7

?Xb=pandp+b:?

¥ The Bret examples in each cell are examples of discrete things. These are ezsier for students and should be given before the measurement examples,

* The language in the arvay examples shows the easiest form of array problems. A hurder form is to use the terms rows and columns: ‘The apples in the grocery
window are in 3 rows and 6 columns. How many apples are in there? Both forms are valuable.
' Area involves arrays of squares that have been pushed together so that there are no gaps or overlaps, so array problems include these especially important

measurement situations.
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TABLE 3. The laws of arithmetic, including the properties of operations (identified with °). Here a, b and ¢ stand for arbitvary
nwmbers in a given number system. The laws of arithmetic apply to the rational number systemn, the real number system, and the

complex number system.

°Assaciative law of addition
*Commutative low c_lfadd.iﬁon
°Additive identity property of 0

Existence of additive inverses

“dssociative law of multiplication
*Commutative law of multiplication
“Multiplicative identity property of 1

Existence of multiplicative inverses

®Distributive law of multiplication

over addition

f@a+b)y+e=a+F+o
a+b=b+a

at0=0+a=a

(axbhyXe=ax (bxc)
aXb=bXa

axl=1xa=a

aX{(btc)=axb+axe

For every a there exists —a so that a + (~a) = (—a) + 2 = 0.

For every a# O there exists 1/gs0 that a X 1/ = 1/ X a=1.

TABLE 4. The properties of equality. Here g, b and ¢ stand for arbitrary numbers in the rational, real, or complex mumber systems.

Reflexive property of equality
Spmmetric property of equality
Transitive property of equality

Addition property of equality

Subrraction property gf equality
Multiplication property of equality
Division property of equality

Substicution property of squality

a=a
Ifa=h, thenh = a.
He=bandb=¢ thena = ¢
Ife=bthena+c=b+c
fa=h, thena—c=b—¢c
fa=h,thenaXc=bxc
Ife=hband e =0, thena+c=5b+c

If 2 = b, then b may be substituted for a

in any expression ccntainjng d,
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TABLE 5. The properties of inequality. Here 4, b and ¢ stand for arbitrary numbers in the rational or real number systems.

Exactly one of the following is true: @ <b, a=b, a > b.

Ifa>bandb>cthena > e

fa>b, thenh <a.
If @ > b, then —a < ~b,

Ifa>b, thenate>btc
Ha>bandc>0,thenaxc>bxe,
fao=bandec <0, thena X c<hxc
Wa>hande> 0, thena+e>b+e

Ha>kband e <0, thena+c<h-=+c
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Resource and Supporting Materials

Grade 4 Unit 6 Sample

As requested, attached please find resources with supporting materials.
You will find the following:

© Unit content standards and mathematical practice standards related to this unit
® Aone week overview in the unit mapping the progression of lessons
» Sample of lessons L11, L12, and 115 with supporting materials
Samples include:
o L11 addressing the content standard that angles are additive with support
materials
o L12is additional practice with measuring angles in a context and reinforces angle
measure as additive
o L15 cites resources used in the lesson development. {TSCM) Teaching Student
Centered Mathematics, (BLM) Black line master, (SF) Scott Foresman textbook
(All are teacher resources currently in the district.}
° Differentiation suggestions are included within the lesson structure.
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Grade Four Standards for Mathematical Practice

The K-12 Standards for Mathematical Practice describe varieties of expertise that mathematics educators at all levels should seek to develop in’
their students. This page gives examples of what the practice standards look like at the specified grade level.

Standards

Explanations and Examples

Students are expected to:

1. Make sense of problems
and persevere in solving
them.

In fourth grade, students know that doing mathematics involves solving problems and discussing how they
solved them. Students expiain to themselves the meaning of a problem and look for ways to solve it. Fourth
graders may use concrete objects or pictures to help them conceptualize and solve problems. They may check
their thinking by asking themselves, “Does this make sense?” They listen to the strategies of others and will
try different approaches. They often will use another method to check their answers.

Students are expected to:.
2. Reason abstractly and
guantitatively.

Fourth graders should recognize that a number represents a specific quantity. They connect the quantity to

written symbols and create a logical representation of the problem at hand, considering both the appropriate
units involved and the meaning of quantities. They extend this Eﬁﬁﬂmb&sm from whole numbers to their

work with fractions and decimals, Students write simple expressions that record o&o&mﬁomm with numbers
and represent or round numbers using place value concepts.

Students are expected to:

3. Construct viable
arguments and critigne the
reasoning of others.

In fourth grade, students may construct arguments using concrete referents such as objects, pictures, and
drawings. They explain their thinking and make connections between models and equations. They refine their
mathematical communication skills as they participate in mathematical discussions involving questions like
“How did you get that?” and “Why is that true?” They explain their thinking to others and respond to others’
thinking.

Students are expected to:
4. Model with mathematics.

Students experiment with representing @SEQE situations in multiple ways, E&c&ﬁm numbers, words
(mathematical language), drawing pictures, using objects, making a chart, list, or graph, creating equations,
ete. Students need opportunities to connect the different representations and explain the connections. They
should be able to use all of these representations as needed. Fourth graders should evaluate their results in the
context of the situation and reflect on whether the results make sense.

Students are expected to;
5. Use appropriate tools
strategically.

Fourth graders consider the available tools (including estimation) when solving a mathematical problem and
decide when certain tools might be helpful. For instance, they may use graph paper or a number line to
represent and compare decimals and protractors to measure angles. They use other measurement tools to
understand the relative size of units within a system and express measurements given in larger units in terms
of smaller units.

Students are expected to:
6. Attend to precision.

As fourth graders develop their mathematical commuaication skills, they try to use clear and precise langnage
in their discussions with others and in their own reasoning. They are careful about specifying units of measure
and state the meaning of the symbols they choose. For instance, they use appropriate labels when creating a
line plot.

Students are expected to:
7. Look for and make use of
structure.

In fourth grade, students look closely to discover a pattern or structure. For instance, students use properties
of operations to explain caleulations (partial products model). They relate representations of counting
problems such as free diagrams and arrays to the multiplication principal of counting. They generate number
or shape patterns that follow a given rule.

Students are expected to:
8. Look for and express regularity
in repeated reasoning.

Students in fourth grade should notice repetitive actions in computation to make generalizations. Students use models to
explain calculations and understand how algorithms work. They also use models to examine patterns and generate their
own algorithms. For exarple, students use visual fraction models to write equivalent fractions.
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Fairfield Public Schools Balanced Math Instructional Model

Materials: “Missing Angles” SI, SII, STIL, protractors

Fluency Work

Make a T-chart. On one side label it “nuraber of squares”. On the other

(510 min.}

(1-5 min.) label it “number of sides.” Begin to fill in the chart 1/4,2/8,3 / 7,51 -
2,7/64,2"/9. Ask students to express the'rule in terms of both number gy
of sides and the inverse, number of squares. Then use a different sided =
shape and repeat. '

Teaching Angle measure is addttive.

Point When an angle is decomposed into non-overlapping parts, the whole of

the sum of the angle measures is the sum of the parts. (1.e. 1" wedge + 1°
wedge + 1” wedge = 3° wedge or 3° angle.)

*Complementary and **supplementary angles based on pattern block
work from prior day. It is more important that students understand that
angles are additive than it is for them to know the vocabulary terms of
complementary and supplementary angles at this point.

Mini-Lesson

| 1. Tell students today they will fry to find the missing angles on (three)

In the last lesson we found a vumber of rules that will help us when
thinking about lines and the angles that form when they intersect.
Example: when lines are perpendicular the angle formed is 90° Today
we are going to figure out missing angle measures by using angle
measures we already know. Provide an example of a perpendicular line
and ask students to estimate the angle measure — then use a protractor to
prove it is 90° and notate it. Next ask what the adjacent angle is and how
they know without using a protractor. Encourage VATYIng answers, e.g.
the straight line is 180°. If the angle we know is 90° then the angle we
didn’t measure must be 90° more. The straight line is half the circle,
therefore % - ¥4 is ¥4 so its 90” or 360° + 4 = 90°. Display another angle
measure of 90°. Bisect the angle to create two 45° angles. Ask students
again to estimate and then measure one of the angles. Then ask them to
compute the other and justify their reasoning for the adjacent angle.

different activity sheets. *Each sheet is progressively more
challenging. The first asks that they estimate first then measure one
angle, figure out the second without the protractor and then measure
the second to see if they are correct with a sum of 90°.

2. Then provide them with Missing Angles sheet II & Missing Angles
sheet 1. They should try to figure out the missing angles with a sum
of 180 without using a protractor and record how they found the
angles. Tell them to be prepared to share their strategies during math
congress.

Focus
Questions for
APS

(1 min.)

What is the missing angle?
What strategy did you use to find it?

{20-40 min.)

- Active
Problem
Solving

As students work collaboratively, ask them to estimate the angle measure
before they actually measure the angle. Encourage the use of
mathematical terms like right, acute, and obtuse.

Once students are comfortable with accurately using the protractor fo
measure angles, encourage them io use their knowledge of degrees and
angle relationships to help-find solutions to today’s problems. They can

then check their work with a protractor for accuracy.




Differentiation
Suggestions

For students who require support in seeing angle relationships, keep them
grounded by using concrete models, wedges and the protractor. Focus on
the amount of rotation using the protractor. Reinforce language like,
‘How much of a turn is to the first angle measure?” and ‘How much more
of a turn do they need to make to get to 90” or 180°? Use concrete
models to demonstrate the amount of turn and how much more is needed.
Encourage additive thinking, e.g. 45" +45° = 90°.

For students who need extension, encourage them to work on Missing
Angles sheet HII. You may also suggest that these students create some
of their own missing angle sheets to challenge their peers.

Assessment
Point

Look for students who may confuse how to use and read the protractor,

e.g. calling a 135" angle 45° or vs.
Who needs more practice with aligning the protractor on the vertex and

ray (side of the angle)?
Who readily uses the protractor correctly and uses their understanding of

angle relationships to determine the missing angle?
Note students who are using additive reasoning to find the missing angle

measures.

Reconvens &

Reconvene the class to the meeting area. Select a few angles from sheet I
and ask students o convince their peers that they found the angle

Mext Lesson

Focus Q.
_ measures. Be explicit in recording student thinking using degrees and
£ how students added the angle measures together. Then use some
,E examples on missing angle sheet III to problem solve as whole group, as
5 appropriate. ' :
< Journal What strategy did you use to find a missing angle?
Reflection
Question
{(2-5 min.)
Suggested Your friend drives her car straight for 4 miles and turns right 90°. She
Homewvork | continues to drive straight for 8 miles and turns right 90° again. She
{10-20 min.) proceeds for 4 more miles straight and turns right, perpendicular to the
' direction she was just driving and continues driving straight for another 8
miles. What shapes did she outline with her drive?
Optional: Create your own driving story io outline another shape.
Notes for

*Complementary angles when itwo angles add up to 90°
**Supplementary angles when two angles add up to 180°




Fairfield Gr 4 U6 111 S1 Missing Angles sheet I
Complementary angles :

1.
Wite an estimate for the angle measure.

Measure one angle. 7
What is the compiementary angle measure and how did you find it?

Estimate of 2YBX
Y I LYBX

ZMBY i

S

k2

"How did you find <MBY?

Estimate of ~/MLN
M ZMLN >

ZNLP

How did you find zNLP?

j. s Estimate of LQRS

2QRS

- /SRT °

How did you find 2SRT?



©I

A 4

Estimate of 2ZUOA
ZUQOCA

<AOE

How did you find ZAOE?

Estimate of 2HIJ
ZHIJ

ZJIK

How did you find 2Jik?

Estimate of ~EDF

<EDF

£FDG

How did you find ~FDG?



Fairfield GR 4 L.11
Supplementary angles

1.

5 ™

k4

A

Missing Angles sheet II

Estimate of 2JFZ

£JFZ

27FB

How did you find 2ZFB?

Estimate of 2MRP
LMRP

<MRL

How did you find 2MRL?

Estimate of 2 XYV

XYV

LXYZ

How did you find #xvyz2



Estimate of ~2CDB i}
2CDB

£CDF

How did you find 2CDF?

Estimate of £IUO

£iU0

£0OUE

How do you did you find £OUE?

Estimate of ~LWM
ZLWM

ZWMN

How did you find £AWMN?
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¥
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~p—i b
Lines NJ and MK are parallel.

25°

v

7N

&

s MXL
2JYP
ZKXL
ZNYL
«NYP
£ZMXK

2Q

60°

£ZR

2S5

2T

yan

2BTO

ZE

ZW
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+airfield Public Schools Balanced Math Instructional Model

Materials: “A Ball Hit the Wall” sheets, “A Ball Hit the Wall” Recording sheet, tape, a
ball for each group of students (any one of the following: ping pong, super ball, marble,
recess ball, golf ball, foam ball), Books and ruler for a ramp, white paper, and protractors

{5-10 min.)

Fluency Work | N/A today. Time will be needed for this investigation.
{1-5 min.) :
Teaching The purpose of today’s lesson is to provide students with an opportunity
Point to praclice measuring angles in a context using a protractor.

Mini-Lesson

In the meeting area, share with students that they will doing an ,
investigation in which they need to measure and find the angles of a ball
bouncing off the wall. (This may also be done on table-tops if they are
level.) They will be working in teams of three where one will be rolling
the ball, and the other two will be recording the point where the ball
starts, the point where the ball bounces off the wall (or book), and the
point where the ball ends up. *See A Ball Hit the Wall sheet for
directions. It will be important to model your expectations and how to
measure and record their findings. It is not necessary to have the ball
approach the wall at the same angle every trial, but it is very important to
try to be as accurate as possible when identifying the approaching and
reflecting angles. When they are clear about the task, they should gather
materials and conduct at least three trials recording their findings each
time. :

Focus
Questions for
APS

(1 min.)

If a ball hits the wall at one angle, at what angle does the ball bounce off
the wall?

(20-40 min.)

Active
Problem
Solving

Provide students with the Ball Hits the Wall directions, recording sheet
and materials needed. Monitor how accurately students are marking the
approaching rays and reflecting rays. Encourage them to be as accurate
as possible in measuring the angles — even careful measures will only be
approximations. It is more important that students have the opportunity
to appropriately measure angles and compare the angle measures they
make than it is to do more than three trials.

Differentiation
Suggestions

For students who may have difficulty identifying the starting point of the
approaching ray, provide them with a ‘books and ruler (with a channel}
ramp’. Align the ramp at a known angle by using a meter stick at a
predeterimined angle as a guide for the ramp. Then have them focus on
where the ball hits the wall and where it bounces to. :

This may also be done as a whole class activity with one set-up. Ask
students to make predictions before each trial and then encourage them to
Turn &Talk about their findings before they record them. '

Assessment
Point

Note how students are measuring the angles. Do they line up the
protractor properly? Are they using the correct reading of the angles? ,
Are they able to determine which angles are acute and which are obtuse?
What are they using as an initial ray? Are they able to determine the
approaching ray and the reflected ray?

(10 -15

PO TTUR Y

Reconvene &
Focus Q.

Reconvene the class and compare findings. What noticings do students
make about the approaching angle and the reflected angle? (they should
be the same, also complementary angles should add up ro 90°) Canthey
make a general statement about the angle of an approaching angle to its

reflected angle? Do they think it would be true if they changed the ball



used or the surface it bounced off? Share strategies on how they actually |
used the protractor to measure the angle measures. If students measure
the same angle and arrive at different angle measures, discuss why this
| might happen and what they need to remember when finding angle

measures.
What patterns did you notice when about the angle the ball approached

Journal
Reflection the wall and the angle it bounced off the wall?

Question

(2-5 min.})
Suggested 1. Detine a square.
Homework 2. Define a rectangle.

{10-20 min.) 3. How are they the same and how are they different?

Notes for

Mext Lesson




Fairfield Gr4 Ub L12 S1

Materials

»  Book or hard object (the wall}

s Ping pong ball, rubber ball, marbfe;or recess ball

e Paper, white 8 ¥ x 11 or chart paper, {soft carbon paper could also be used)
s Tape

Directions:
1. Tape the paper against the book or wall
2. Roll the bail at the book {or wall).
3. Mark on the paper where the ball enters the paper. (Approaching ray)
4. Mark on the paper where the ball bounces off the book (wall).
5. Mark on the paper where the ball exits the paper. (Reflected ray)
6. Connect the marks for the approaching ray.
7. Connect the marks for the reflected ray.
8. Draw a line segment that is perpendicular to the book (wall) at the point where the ball hit.
9. Measure the approaching angle from both the wall and from the perpendicular line segment

with your protractor.
10. Measure and compare the reflected angle.
11. Repeat this process for three trials and note any observations.




Fairfield Grd U6 L1Z 51

Name:

Name:

Name:

Approaching

Angle
from the
baseline

Reflected
Angle from
the baseline

Approaching
angle from the
perpendicular

Reflected
angle from the
perpendicular

Trial 1:

Trial 2:

Trial 3:

Trial 4:

Trial 5:

Trial 6:

Compare the angle measures. What patterns do you notice?




Fairfield Gr4 U6 L12 S,

Variation on this investigation:

e (Version 2)

1. Do the same task as outlined in the lesson but use chart paper on the floor
against the wall and use a playground ball. Or,

2. Do the same task as outlined in the lesson above but use a ruler ramp to start
the bail. This will provide a more accurate starting point for the approaching ray.

o {Version 3) Use rays of light:

1. Make aslitin a box {shoe box)

2. Place a flashlight in the box and direct it at a mirror

3. Use modeling clay to support a mirror on the desk (or symmetry mirror)
4. Place paper in front of the mirror

Direct the box (light) at an angle across the paper toward the center of

_U'1

the mirror.
Trace and label the approaching ray and the reflected ray

o

7. Use a protractor to measure and compare the angles.



Fairfield Public Schools Baianced Math Instructional Model

Mah_erials:
journals.

TSCM Vol.2 BLM 29 Assorted triangles, scissors, recording sheets or math

Fluency Work
{1-5 min.)

Create a ratio table and ask: “How many sides does a triangles have?”
Draw (or ask students to draw) different tnangles as models.
Then ask how many side do 2 triangles have? 3 iriangles, 5 triangles, 10,

12,115, 25, 100, 110, 1257 —record on the ratio table. Ask students if thoy

can generate a rule to determine the number of sides for any amount of
triangles. Three times the number of triangles = number of sides, or
3T=S or §+3=T

(5-10 min.)

Teaching
Point

Sort triangles and classify triangles:
Defining types of triangles: equilateral triangle, isosceles triangle, scalene
triangle

Mini-Lesson

In the previous lesson we took a closer look at the sum ol interior angles.
Tell the students that today they are going to do a triangle sort. Ask
students to define a triangle. Provide them time to T&T before sharing
out. (a polygon or closed figure with exactly three sides and three
angles) Share with them a few visual examples about how triangles can
be different. Have student pairs cut out the triangles from the BI.M 29
sheet. Their task is to sort the entire collection of iriangles into three
groups so that no triangle belongs fo two groups. When complete, they

need to write a description for each of the groups and be prepared to

share their findings in math congress. Once done, they should find a
second criterion for creating three different groupings and record how
each group is different. Tell them they will have about twenty minutes to
work with their partner and then the class will reconvene for a math
congress. Do not reveal the names of the ypes of triangles at this point.

After triangles have been compared and sorted during the congress, then
you can offer the “book” definition.

Focus
Questions for
APS

What are the different ways you can sort triangles into three different
groups so that no triangle belongs to two groups?

(20-40 min.)

Active
Problem
Solving

Provide pairs of students with a copy of the BLM 29 Assorted Triangles
sheet. As you confer with students notice their entry point into the
problem. Ask probing questions about how they are grouping triangles
and how they are convinced that a triangle does not fit into more than one
group. Are they referencing what they know about angle measures and
applying it to the angles of triangles, acute, right, and obtuse. Student
will not have a gallery walk today before the math congress. Instead ask
pairs to share with other pairs to compare their grouping strategies and
encourage them to add anything to their descriptions that they may have
left out or didn’t notice.

Differentiation
Suggestions

For students who need support have a set of triangles pre-cut to
physically manipulate to compare. Students may need support to focus
their attention on attributes like angle sizes or congruent sides. Student
may use the corner of an index card to determine right angles or to
compare lengths of sides. For students who need extension ask them to
find triangles that fit in two groups using a Venn diagram and record the
attributes that are different & attributes that are in common, e.g. right
triangles and isosceles triangles may have different length sides but both
can have a 90°




Assessmient
Point

As you confer with students notice their entry point into the problem.
Are they grouping triangles because they appear to be alike? Are they
grouping them by their atiributes? Are they going beyond this and
noticing relationships and properties? Also note who is using math
terms such as acute, obtuse, right angles, congruent, similar,
perpendicular, and vertex.

{10 ~ 15 min.)

Reconvene &
Focus .

Reconvene the class to the meeting area. Ask student groups to lead the
discussion and begin to make a class record of the attributes students
used to group triangles. Ask students to compare triangles by atiributes
(length of sides, comparisons of sides, size of angles, types of angles)
Make a point of organizing the recorded list by types of triangles. After
the lists are well defined offer the definttions for each type or category of
iriangle (below). Then pose the question can a triangle belong under two
different classifications and if so, how? Provide think-time and ask
students to turn and talk before shaning their reasoning. Encourage the
use of math terms during discussion: perpendicular lines, angle degrees,
right angles, congruent sides... Record triangles that fit under more than
one classification with an explanation of why. Compare the
classifications by asking how they are the same and how are they
different?

*see

TSCMV.2p 221

Classified by sides

Equilateral -All sides are congruent

Isosceles -At least two sides are congruent

Scalene -No two sides are congruent

Classified by angles

Right -Has a right angle

Acute -All angles are smaller than a right angle
Obtuse -One angle is larger than a right angle

Journal
Reflection

Guestion
{2-5 min.)

What 15 an equilateral triangle?
What is an isosceles triangle?
What is a scalene triangle?

Suggested

Homework
{(10-20 min.)

SF p. 446, 1-5, 12-16

Motes for
MNext Lesson




TABLE 8.1 DEHTELOCEDOREA I D AG R D R AR DD

Categories of Two-Dimensional Shapes

Shape

Simple Closed Curves

Concave, convex

Symmetrical,
nonsymmetrical

Polygons
Concave, convex
Symmetrical,
nonsymmetrical
Regular

Triangles
Triangles

Classified by sides
Eguilateral
lsosceles
Scalene

Classified by angles
Right
Acute
Obtuse

Convex Quadrilaterals
Convex quadrilaterals
Kita
Trapezoid
Isosceles trapezoid

Parallelogram
Rectangle
Rhombrus
Square

Description

An intuitive definition of concave might be “having a dent in
it If a simple closed curve is not cancave, it is convex. A
more precise definition of concove may be interesting to
explore with older students.

Shapes may have one or more lines of symmetry and may or
may not have rotational symmetry. These concepts will
require more detailed investigation.

Simple closed curves with all straight sides.

All sides and all angles are cangruent.

Polygons with exactly three sides.

Ail sides are congruent,
At least two sides are congruent.
Mo two sides are congruent.

Has a sight angle.
All angles are smaller than a right angle.
One angle is farger than a right angle.

Convex polygons with exactiy four sides.

Two opposing pairs of congruent adjacent sides.
At least one pair of parallel sides.

A pair of opposite sides is congruent,

Two pairs of parallel sides,

Faraltelogram with a right angle.

Parallelogram with all sides congruent.

Parallelogram with a right angle and all sides cengruent.

Many textbooks define cylinders strictly as circular cylinders. These books do not
have special names for other cylinders. Under that definition, the prism is not a special
case of a cylinder. This points to the fact that definitions are conventions, and not all
conventions are universally agreed upon. If you look at the development of the volume
formulas in Chapter 9, you will see that the more inclusive definition of cylinders and
cones given here allows one formula for any type of cylinder—hence, prisms—with a

similar statement that is true for cones and pyramids.
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BLM 28—Assorted triangles



For angther example, see Set 8-4 on p. 491

Classify each triangle by its sides and then by its angles.

1. Isosceles 2. ~N 3. 4. 5.
R e k

. Scalene triangle; n
triarrgle o e triangle  Stalene triangle;

Error Intervention

students have difficulty under- Write the name of each quadrilateral. right triangie E’?aﬁ?lgrgcl:ute S«?S{gr;ﬁaiga?eg s
standing how a particular triangle triangle g
or quadrilateral can belong to more 6. 7. 8. 9. -7 0.
than one set, e ’
. arallelogram H .l
O show and discuss Venn diagrams Rectangle J Trapezold 5. ralieiogram L
such as the one beiow. 11. Reasoning Can a guadrilateral be both a square and a rectangle? quare
Explain. Yes, all squares are a specific iype of rectangle. /

Rectangles Rhombuses
For more proctice, see Set 8-4 on p. 494,

12. Equilateral triangle; acute triangle

. . 13.1sosceles triangle; right triangle

Skills and Understandi ng 14 Scalene triangle; acute triangle
Scalen? triangle; right triangle

glassﬁy n;:ach tnang e by its sides and then by its angles. 16, Isosceles triangte; obtuse t fangle
ee righ

YR

Write the name of each quadrilateral.

17. 18. 19. 20. 21.

vy

Exercise 23 Remind students Parallelogram Rectangle
to use math terms accurately.

=~ Answers should include the

general description of a term (A rectan-

gle has four right angles) and how a

pari of the flag satisfies that description

(The rectangles on Chile’s flag have 4

right angles).

apezoid Rhombus
22. Reasoning Can a quadrllateral be bot a parallelogram and a

rhombus? Explain. Yes, a rhombus is a specific type of
parallefogram.

Reasoning and Problem Solving

Many flags are designed with a variety

Reading Assist Draw Conclusions of geometric figures.

Can a triangle be classified as both
acute and obtuse? (No; An acute
tricngle must have three acute angles; an
obtuse triangle has one obtuse angle.) Can
a triangle be classified as both equilat-
eral and acute? (Yes; When all sides are
the same length, each angle is an acute
angle.}

23. Writingin Math {Jse mathernatical
terms from this lesson to describe 7 oubiic is i o country it
the shapes that are used in Iocated in central Furope. southwest South Americo.
each flag. Czech Republic’s flag has 2 trapezoids and one triangle. Chile’s flagy

has 2 rectangles, one sguare, and a 10-sided star,

446

P 4-point answer All terms and exp
T_ESt”Ta king P fa‘uﬁf e ? tions are correct; shows complete

understanding of quadrilaterals.

Leveled Practice
HAlGE Ex. 12-21, 23, 25-27

...................................

Tesi-Taking Practice, Htem 1, p. 447
There are four parts to the question.

"""""""""""""""" Each term with its corresponding ® The shape is a quadrilateral
i Ex 12-16 even, 17-27 . i mo L T N T T T T
expianation is worth one point, and hav- " b i+ has H sid d
ing everything correct is also worth one o DECAUSEITNAS 898 and -
point for four points total. Remind LT gles. It is o rectan gle
students that they should answer as I L
much as they can since partial credit is ® because it has f right angles.
iven for this type of problem. LT
° yp- b T is asquore because ithas 4
Discuss the sample responses shown : B {sid
and compare them to papers produced . r‘lg}j angles a and ¥ equal sid ,EES
by your students. &

446 LESSON 8-4



Fairfield Public Schools

District-Wide Mathematics Benchmark Assessments

Grade _Assessment Areas Assessed Administration Dates
Preschool Counting Oral Counting January, May
(ages 3 & 4)
Cardinality Tells “how many” January , May

Kindergarten

Test of Early Numeracy

Gral Counting

Number dentification
Quantity discrimination
Missing Number

October, January, May -

Kindergarten

End of Unit
Assessments

Skills assessed related
to unit taught

At the end of each unit
{approximately every
4-6 weeks)

Grade 1 Test of Early Numeracy | Oral Counting October, January, May
Number Identification
Quantity discrimination
Missing Number
Math Computation Test | Basic addition and
subtraction facts
Grade 1 End of Unit Skills assessed related At the end of each unit
Assessments to unit taught {approximately every
4-6 weeks)
Grade 2 Math Computation Test | Basic addition and October, January, May
' subtraction facts
Concepts and Problem solving and
. Application Test computation test
Grade 2 End of Unit Skills assessed related At the end of each unit
Assessments 1o unit taught {approximately every

4-6 weeks)
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Fairfield Public Schools

Connecticut Mastery Test Results

Percent at / above Goal

Grade 4
2007-2011

Reading Writing Math

2007 | 2008 [ 2009 | 2010 | 2011 | 2012 | 2007 2008 | 2010 | 2011 2012 | 2007 | 2008 | 2009 | 2010 [ 2011 2012
Burr 89.0 73.2 85.3 84.7 81.4 91.5 90.3 90.4 93.2 83.9 85.2 88.6 94.5 96.6 94.8
|Dwight 85.7 87.5 90.2 92.9 85.2 91.2 87.5 85.2 84.5 S80.9 23.0 91.8 92.6 93.0
Holland Hill 71.4 70.2 82.1 67.9 | 845 | 77.8 78.6 877 | 764 | 86.2 86.2 82.5 84.5 69.1
Jennings 70.4 68.3 76.0 824 | 785 | 814 68.5 81.1 83.8 | 76.8 72.6 82.0 78.5 81.7
MecKinley B5.1 57.8 46.3 60.0 | 63.1 67.7 62.8 50.0 | 69.1 64.4 57.8 51.8 55.3 67.2
fil Hill 70.1 89.0 80.3 791 | 792 | 77.6 88.1 83.3 | 837 | 740 84.2 80.5 81.1 82.9
N. Stratfield 71.4 76.5 73.4 81.8 T30 7341 7786 81.5 80.5 77.9 85.9 83.3 82.1 92.3
Osborn Hill 75.0 84.3 81.5 764 | 81.1 83.7 88.8 84.3 | 80.0 | 859 81.6 87.8 78.9 87.2
Riverfield 78.3 78.8 81.8 713 | 83.8 | €9.2 81.2 §5.9 | 840 | 852 78.8 87.0 81.3 78.5
Sherman 73.8 78.4 91.4 86.9 | 90.9 | 821 92.3 81.7 | 84.1 96.2 93.6 78.5 93.5 85.9
Stratfield 91.7 76.5 79.5 85.4 | 91.3 | 836 89.6 82.1 87.2 | 86 75.7 82.1 86.6
DistrictAvg, | 757 | 766 | > | 787 | 806 | 79.8 | 817 | 804 | @825 [ 819 [ 815 807 83.9
State Avg. 57.0 56.0 60.0 62.5 64.1 65.1 64.2 64.2 85.5 65.3 63.8 67. 68.2

These results do not reflect the newly adopted grades 3-5 math curriculum as approved by the Board of Education in April 2012.
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Basic Facts

The fluency test of basic facts is a 1 minute test of basic fact recall administered to all students

in grade five. It measures how many basic fact problems students are able to complete
accurately in ane minute with all four operations. The data gives the percentage of students
who complete up to twenty problems in one minute, between 20 and 30 problems in one

minute, and above 30 problems in one minute.

Exiting Grade 5 Fluency Test Results between 2006 to 2009 and 2010 to 2012

Addition Subtraction Muttiplication Division
Number of problems | 2006to | 2010to | 2006to | 2010to | 2006to | 2010to | 2006to | 2010to
completed ina minute| 2000 | 2012 2009 2012 2009 2012 2009 2012
0-20 17% 11% 37% 28%| 18%| 185 44% 31%
21-30 36% 29% 40% 37% 39% 30% 31% 32%
30-up 47% 60% 23% 30% 43% 43% 25% 37%




PK-12 Continuum of Mathematics Domains and Standards

The diagram below demonstrates the PK-12 focus and coherence of mathematics domains. Attached
is a sample of the progression of one domain from preschool to grade 6. It demonstrates the place

value standards across eight grade levels.

Domains across the grade levels

ok a2 ] s ] e ] s ¢ | 7 | s | ms |
Counting and
Cardinality
; ' Mumber and (J_ﬁeraﬁans inBaseTen Ratios énéﬁ};;;o;ﬁnﬁal
Relationships
Mumber and
Quantity
Number and Operations - TRR NSy
Fractions
Expressions and Equations
Cperations and Algebraic Thinking®" Algebra
Furclions
4 I“_':,'I-:?r-‘ X T F& = “' _'_".l_r_ - _1 ) ..I‘IH- - = 3 - T ._-&;'-_;:";—'— == ]
TR e L= b ae b A GRORBRY P T =2 2 s - e e S e e Iy
i g i o Stalistics and
Measurementand Data Statistics and Probability Probability

* K-5 Measurementand Dataréplits into Statistics and Proiaabiiiw and
Geometry in Grade B

**Qperations and Algebraic Thinking is foundation for Grade 6
Expressions and Equations and The Number System
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Grade 3 Use place value understanding and properties of operations to perform muiti-digit arithmetic

. 3.NBT.1 Use place value understanding to round whole numbers to the nearest 10 or 100.
= 3.NBT.2 Fiuently add and subtract within 1000 using strategies and algorithms based on place value, properties of operations, andfor the
relationship between addition and subtraction.

Grade 4 Generalize place value understanding for multi~digit whole numbers.

¢ 4.NBT.A.1 Recognize that in a muiti-digit whole number, a digit in one place represents ten times what it represents in the place to itg right.
For example, recognize that 700 = 70 = 10 by applying concepts of place vaiue and division. .

»  4.NBT.A2 Read and write multi-digit whole numbers using base-ten numerals, number namas, and expanded form. Compare two mutti-dligit
numbers based on meanings of the digits in each place, using >, =, and < symbals ‘o record the resulis of comparisons.

»  4.NBT.A.3 Use place value understanding to round multi-digit whole numbers to any place. .

Grade 5 Understand the place vaiue system.

= 5.NBT.1 Recognize that in a multi-digit number, a digit in one place represents 10 times as much as it represents in the place to its right and

1710 of what It represents in the place to its left.

¢« 5.NBT.2 Explain pafierns in the number of zaros of the preduct when multiplying 8 number by powers of 10, and explain batterns in the
placement of the decimal point when a dacimal is muitiplied or divided by a power of 10, Use whola-numbar exponents to denote powers of
10,

Grade 6 Apply and extend previous understandings of numbers to the system of rational numbers.

s 6.NS.C.5 Understand that positive and negative numbers are used fogsther fo describe gquantities having opposite directions or values {e.q.,

temperature above/below zero, elevation above/below sea level, credits/debits, positive/negative mwmoﬁo.%mﬁ@mx use positive and negative
numbers to represent quantities in real-world contexts, explaining the meaning of 0 in each situation,

o B.N5.C.6 Understand a rational number as a point on the number line. Extend number line diagrams and coordinate axes familiar from
previous grades 1o represent points on the line and in the plane with negative number coordinaies.



PK-5 Mathematics Budget

2013-2014 Proposed Math Budget

Text/Materials
80,000

Professional Development
$25,400

Curriculum & Instruction Work
520,260

e Teacher resources
e Classroom materials

e PK-2 Trainer of trainers and
outside trainers

e Building capacity on content
knowledge

e Building capacity on
pedagogy

e Update progress reports

o Develop PK-2
implementation guides

® Develop parent guide

¢ Revise homework

e K-2revise and develop
assessments 1o align with
new standards

6-12 Mathematics Budget

Text/Materials

Professional Development

Curriculum & Instruction Work

$120,000 $15,000 $9,000
s  Texthooks and teacher @ Implementing the common e  Curriculum writing for high
resources core standards in the grades school math courses

6- 10 classrooms

following Geometry {grades
11-12)

e Develop supporting
implementation guides and
assessments for grades 6 —
10 aligned to the Common
Core






